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SUMMARY
The a p p lica tio n s o f  advanced composite m ateria ls  in  the f i e ld  
o f  lam inated stru ctu res  are w idely  stu d ied  by researchers w ith a id  o f  
the bending p la te  theory and the m u ltilayer  th eory. However,
l i t t l e  e f fo r t  has been made to  perform a sim ple e la s t i c  a n a ly s is  which 
might lead  to' a b e tte r  understanding o f  the behaviour o f  s tr e s s e s ;  
such as transverse and lon g itu d in a l in te r fa c ia l  shear s tr e s s e s  in  
laminated beams subjected  to a v a r ie ty  o f  transverse loading co n fig u ra tio n s . 
In a d d itio n , c er ta in  param eters, such as behaviour o f  s tr e s s e s  and shear 
lo a d -tra n sfer  mechanism are extrem ely d e s ira b le , s in ce  th ese  parameters 
have a large in flu en ce  on the stru ctu ra l in te g r ity  o f  the com posites.
A sim ple a n a ly s is  based on the B em ou lli-E u lar  theory has been 
developed fo r  determ ining the behaviour o f  s tr e s se s  in  the lam inated beams 
subjected  to  bending lo a d s . This an a ly sis  has a great advantage o f  being  
ab le  to  provide both sim ple and comprehensive so lu tio n s  fo r  p r a c tic a l  
components.
A programme o f  experim ental work using the two-dim ensional photo- 
e la s t i c  method has been carried  out on s in g le - la y e r  and t r ip le - la y e r  
laminated com posite beams. In order to v a lid a te  the developed th eory , 
and a lso  to d iscu ss  the s ig n if ic a n c e  o f  th ese  r e s u lt s  in  in ter p r e tin g  
the interlam inar sh ear, and the bending stren gth  o f  com posite m a ter ia ls , 
th ese  models were sub jected  to  a fou r-p oin t and th ree -p o in t loading  
con d ition s having the same geometry as i t  was assumed in  th e th e o r e t ic a l  
a n a ly s is .
The experim ental r e s u lt s  gave r is e  to  a lon g itu d in a l in t e r f a c ia l  
shear s tr e s s  and p arab olic  shear s tr e s s  d is tr ib u tio n s  in  th e  p h y sica l  
model, and hence, v a lid a ted  the p resen t sim ple e la s t i c  s o lu t io n . .
( i i i )
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CHAPTER 1 
GENERAL INTRODUCTION
1. 1 .  C onstruction and Use o f  Laminated Beams
Many stru ctu ra l composite m ateria ls contain  flaw s which lead  
to  unacceptable v a r ia tio n s  in  the mechanical p ro p ertie s . The 
weakening e f f e c t  o f  such flaw s can be reduced by manufacturing 
components from s tr ip s  or lam inates o f  the m aterial which are orien ted , 
to  take advantage o f  the preferred d irec tio n s  in which the b e s t  p rop erties  
are obtained.
Lamination i s  used to elim in ate major flaw s and accord in gly  achieve  
s tr u c tu r a l' p rop erties which could not be a tta in ed  by the in d iv id u a l
»
c o n s t itu e n ts . Laminated beams are o ften  both heterogeneous and a n iso tro p ic  
and thus have markedly d if fe r e n t  strength  prop erties in  various d ir e c tio n s  
w ith resp ect to  the la y e rs . Such beams may be manufactured as s tr a ig h t  
or curved elem ents and many have e ith e r  a constant or v a r ia b le  cross  
se c tio n . They are g en era lly  used where su ita b le  s o l id  components are 
un availab le  or im p racticab le, as fo r  example in  large s iz e s  and s e c t io n s .
The sim p lest form o f  laminated construction  c o n s is ts  o f  two f l a t  
s tr ip s  jo in ed  together by a bonding layer which i s  u su a lly  o f  a d if fe r e n t  
m aterial and thus has d if fe r e n t  mechanical prop erties from the  
lam inates. In most p r a c tic a l a p p lica tio n s , i t  i s  necessary  to  adopt 
a m u ltilayer  con stru ction  which u su a lly  c o n s is ts  o f  odd numbers o f  
lam inates and even numbers o f  bonding la y e rs . These kinds o f  laminated  
con stru ction , e ith e r  simple or m u ltilayer , can be chosen to s a t i s f y  
stru ctu ra l needs i f  the shear load -tra n sfer  mechanism in  the laminated  
assembly i s  known accu rately .
There are many ap p lica tion s o f  laminated s tru c tu res . These include  
laminated timber products, m u ltip le  boards o f  three or more p l i e s ,
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laminboards, b lock-boards, p la s tic -b a se d  lam inates, sandwich'beams, 
preimpregnated carbon fib re  re in forced  p an els , and a v a r ie ty  o f  g la ss  
rein forced  p la s t ic  components. Such stru ctu res have found wide 
a p p lica tio n s  in  the b u ild in g  trade where low c o st  makes them a t tr a c t iv e ,  
and in  the aerospace industry which req u ires l ig h t  w eight, high  
performance s tr u c tu r e s .
Laminated beams can be shaped to  accommodate the s tr e s s e s  and loads 
to  which a member w i l l  be subjected . Where the bending moment i s  
sm all, shallow  beams can be employed, and as the bending moment 
in creases the depth o f  the beam becomes la rg er . A sp e c ia l advantage 
o f  laminated beams i s  the curved p r o f i le  which can be produced by 
’preforming a s e r ie s  o f  th in  lam inates. The bending s tr e s s e s  introduced  
by th is  process are dependent on the th ick n ess o f  the lam inate and the  
radius o f  curvature. The o b jec tiv e  o f  stru ctu ra l lam inate designers  
i s  to  t a i lo r  the d ir e c tio n a l dependence o f  the strength  and s t i f f n e s s  
o f  a m aterial to match the loading conditions o f  the s tru c tu ra l 
elem ents. Laminates*are wel l  su ited  to  th is  purpose s in ce  the p r in c ip a l 
m aterial d ir e c tio n s  o f  each layer  can be orien ted  according to  the need.
r i 9 lR. M. Jo n es1 J has noted a p a r ticu la r  aspect o f  the co st e f f e c t iv e ­
n ess o f  composite m ateria ls: "A s ig n if ic a n t  consideration  i s  the  
scrappage in  fa b r ica tio n  op eration s. Scrappage i s  the m ateria l th a t i s  
trimmed or machined from the s ta r tin g  form o f  the m aterial in  ach ieving  
the f in a l  product. For most conventional m a ter ia ls , scrappage i s  
returned to  the manufacturer fo r  rep rocessin g . However, scrappage should  
be le s s  fo r  composites than fo r  conventional m ateria ls because com posites 
are fab rica ted  in  as c lo se  to  the f in a l  con figu ration  as p o s s ib le .
For example, spars and longerons in  a irp lan es wings are beam elem ents 
th at are u su a lly  tapered in  both depth and width and have h o les in  th e ir  
webs to decrease w eight. The fa b rica tio n  o f  such members from
conventional m ateria ls such as aluminium or other a llo y s  c o n s is ts  
o f  hogging out (machined) a large blank o f  m aterial th a t sometimes 
weighs as much as seven times the f in a l  spar w eight. The scrappage 
i s  then 600 percent! On the other hand, spars have been fa b rica ted  
from composite m ateria ls w ith as l i t t l e  as 10 percent scrappage!
This comparison may seem u n fa ir  in  the l ig h t  o f  oth er examples, but 
i t  a c tu a lly  i s  q u ite  - r e a l i s t ic .  Composite m ateria ls are n ot claimed 
to  be a c u r e -a ll  fo r  every a p p lica tio n  or even com petitive w ith oth er  
m a ter ia ls . There are many in stan ces in  which composite m ateria ls are 
uniquely  su ited  because o f  th e ir  p ecu lia r  fa b rica tio n  p ro cess . Thus, 
th is  ’’sp ec ia l"  case o f  a spar i s  not r e a lly  s p e c ia l , but i s  a c tu a lly  
a powerful example o f  the c la s s  o f  ap p lica tion s where composite 
m ateria ls o f fe r  s ig n if ic a n t  advantages over conventional m a ter ia ls ."
By adopting the co rrect fa b r ica tio n  technique, i t  appears th at  
s ig n if ic a n t  economies can be obtained in  terms o f  both the stren gth  
and w eight o f  laminated stru ctu res for  a p a r ticu la r  a p p lic a tio n . Ease 
o f  manufacture has made more a ir c r a ft  companies use p la s t ic s  in stead
T
o f  plywood or alum inium -alloy. The u n r e lia b il ity  o f  the bond obtained  
between adjacent lam inates presents problems in  c o n tr o llin g  the q u a lity  
o f  production, and d i f f i c u l t i e s  in  the assembly o f components which 
in vo lve  other m a ter ia ls .
D esp ite th ese  problems the tech n ica l advantages o f  lam inated  
stru ctu res make them a ttr a c t iv e  fo r  an in creasin g  number o f  a p p lic a tio n s .  
In many o f  these the lam inate i s  required to  su sta in  a combination o f  
bending and shear s t r e s s e s .  I t  i s  necessary th erefore  to  obtain  more 
d e ta iled  inform ation about the mechanical behaviour o f  lam inates and 
th e ir  modes o f  fa i lu r e , i f  s a t is fa c to r y  design procedures are to  be 
esta b lish e d , and the a v a i la b i l i t y  o f  composite con stru ction  i s  to  be 
f u l l y  ex p lo ited .
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1 . 2 .  Deformation Behaviour o f  Laminated Beams
Laminated beams have deformation behaviour c h a r a c te r is t ic s  which 
are q u ite  d if fe r e n t  from homogeneous or iso tr o p ic  beams. The behaviour 
o f  lam inates i s  l ik e ly  to be complex even fo r  sim ple forms o f  load ing .
As a r e s u lt ,  i t  i s  necessary  to have a deeper understanding o f  th ose  
fa c to rs  which a f f e c t  the shear lo a d -tra n sfer  mechanism, modes o f  
fa ilu r e  and other geom etrical parameters o f  laminated beams, under a 
v a r ie ty  o f  tran sverse  loading con d itio n s.
When a com posite beam i s  subjected  to transverse shear /load, the
/
in te r fa c ia l  shear forces w i l l  be developed between each la y e r . This 
shear force  w i l l  be tran sferred  from the bonding layer (low-modulus 
’m ateria l) to  the lam inate (high-modulus m a te r ia l) . This i s  the so 
c a lle d  shear lo a d -tra n sfer  mechanism. This mechanism depends upon a 
number o f  parameters such as shear strength  o f  the bonding la y er , the  
p ro p erties  o f  the m aterial o f  adhesive layer , and the in te r fa c ia l  
shear s t r e s s e s .
In developing the sim p lest p o ss ib le  model o f  beam deformation  
behaviour, i t  i s  assumed th at the bonding layer  only su sta in s  in t e r ­
fa c ia l  shear s tr e s se s  which acts  as an e la s t ic  connection between the  
two adjacent lam inates, w hile  the high modulus lam inates are the  
p r in c ip le  load carrying agent. On the b a sis  o f  the s im p lest assumption 
which suggests th at the in d iv id u a l lam inates w i l l  act as a s e r ie s  o f  
in terconnected  beams, i t  i s  p o ss ib le  to  p o stu la te  th a t ty p ic a l lin e a r  
bending and parabolic  shear s tr e s s  d is tr ib u tio n s  w i l l  be developed in  
the in d iv id u a l lam inates as i l lu s t r a t e d  in  fig u re  ( 1 . 1 ) .  N eed less to  
say the magnitude and d is tr ib u tio n  o f  the actual s tr e s se s  w i l l  be 
a ffec te d  both by the geometry o f  the stru ctu res and the mechanical 
p rop erties o f  the co n stitu en t m a ter ia ls .
The a n a ly s is  o f  an id e a lise d  model i s  important i f  p a r tic u la r  a sp ects
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o f  th e behaviour o f  rea l lam inated stru ctu res are to  be r e f le c te d  in  
the behaviour o f  the model, such as the deformation shape, e f f e c t iv e  
s t i f f n e s s  and the shear s tr e s s  d is tr ib u tio n  in  the la yers o f  laminated 
com posite beams.
1 .5 .  E la s t ic  S tre sse s  in  Laminated Beams
The conventional theory fo r  the bending o f  a homogeneous beam under 
tran sverse  load becomes inadequate when the problem o f  a laminated  
com posite beam i s  considered. The so lu tio n  o f  th is  problem a lso  in vo lves  
con sid eration  o f  the load tra n sfer  mechanism, by which shear fo rces are 
transm itted  between adjacent lam inates through a bonding layer  with  
•mechanical p rop erties  which are d if fe r e n t  from those o f  the lam inates.
The s im p lest p o ss ib le  so lu tio n  o f  th is  problem req uires the assumption
th a t the e la s t i c  bending deformation o f  each lam inate conforms w ith the
B em o u lli-E u ler  theory. The bonding layer  behaves as an e la s t i c
#
connection between adjacent lam inates and su sta in s  the in t e r fa c ia l  shear  
•s tr e sse s , but i t  doe,s not make a s ig n if ic a n t  contribu tion  to  the bending 
a c tio n . In the case o f  a laminated c a n tilev er  beam, the in trod u ction  o f  
a s in g le  bonding layer  w i l l  g ive r is e  to  a symmetrical shear s tr e s s  
d is tr ib u tio n  which i s  shown q u a lita t iv e ly  in  fig u re  ( 1 . 2 ) .
The e la s t i c  a n a ly s is  i s  based upon the fo llow in g  assum ptions. F ir s t  
assume the so lu tio n  o f  the deformation behaviour of>the lam inates and 
bonding layer i s  in  the form o f  a s e r ie s  o f  second order d if f e r e n t ia l  
equations. This s e r ie s  o f  equations i s  such that i t  s a t i s f i e s  the 
boundary co n d itio n s, which equate the in tern a l fo rces a t the in ter fa c e s  
o f th e laminated beam. Next the a lgeb ra ic  equations are used in  the 
complex plane .so th at the com p atib ility  s tr e s s  f i e l d  a t the in ter fa c e  
may be used to  determine the in te r fa c ia l  shear s tr e s s  d is tr ib u tio n  
which governs the in ter a c tio n  o f the fo r c e s . The so lu tio n  o f  th is
s tr e s s  d is tr ib u tio n  can be undertaken in  a v a r ie ty  o f  d if fe r e n t  ways.
The s ig n if ic a n t  form o f  bending s tr e s s  d is tr ib u tio n  in  each lam inate  
o f  the com posite beam su ggests th at th is  w i l l  su ffe r  more sev ere ly  than 
the corresponding homogeneous beam. Therefore i t  fo llo w s th a t, the 
lam inated beam w i l l  be more f le x ib le  than the homogeneous counterpart. 
Moreover, i t  i s  in te r e s t in g  to  note th at o v era ll c ircu la r  bending 
deformation behaviour o f  such composite beams i s  not continuous, but the  
bending s tr e s s  d is tr ib u tio n  i s  l in e a r  in  each lam inate. Both lam inates 
behave in  a s im ila r  fash ion  and the p o s it io n  o f  the n eu tra l a x is  
i s  o f f - s e t  from the cen tre o f  the lam inate, and i s  co in c id en t w ith the  
lo ca tio n  o f  the maximum transverse shear s tr e s s  va lu e , as shown in  
f ig u r e  ( 1 . 2 ) .  In ad d ition , i t  i s  in te r e s t in g  to  observe the reverse  
bending which occurs in  the bonding layer  and the maximum shear s tr e s s  
which i s  developed a t the in ter fa c e  lam inates.
As a consequence, the maximum shear s tr e s s  in  the bonding layer  
w i l l  occur a t the in ter fa c e s  and i t  i s  l ik e ly  th at the fa i lu r e  w i l l  
in i t i a t e  from th is  p o s it io n , when th is  s tr e s s  reaches the c r i t i c a l  va lue
f
The actual value o f  the c r i t i c a l  s tr e s s  w i l l  depend upon the app lied  
load and the geometry o f  the fab ricated  s tru ctu re .
A sim ple so lu tio n  has been developed in  such a way as to  obtain  
more d e ta iled  inform ation about the s tr e s s  d is tr ib u tio n  in  a lam inated  
stru c tu re . This so lu tio n  w i l l  be h e lp fu l in  both a n a ly s is  and the  
design o f  more e f f e c t iv e  laminated s tru c tu res . The so lu tio n  o f  the  
complex problem in  composite stru ctu res  can only be v e r if ie d  by 
experim ental s tu d ie s . The te s t in g  o f  a two-dimensional p h o to e la st ic  
model provides an obvious method for  making the d ir e c t  measurements o f  
th ose c r i t i c a l  s tr e s se s  which are o f  great in te r e s t  and have a 
s ig n if ic a n t  e f f e c t  upon the behaviour o f  such beams.
This requirement can be met by making a s e r ie s  o f  p h o to e la st ic  
t e s t s .  The main advantage o f  th ese  t e s t s  i s  to  determine the s ta te  o f  
s tr e s s  a t  any p o in t in  the model and to  v e r ify  the v a l id i t y  o f  the 
sim ple th e o r e t ic a l a n a ly s is . Therefore both th eo r e tic a l and experim ental 
s tu d ie s  have been included in  the present in v e s t ig a t io n .
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FIGURE 1.1 S tress  Distribution in a Single 
Bonding Layer Lam inated Beam
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r
FIGURE 1.2 A Symmetrical Shear Stress Distribution 
And The Position OF The Neutral Axis y .
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CHAPTER 2 
REVIEW OF RELATED LITERATURE
2. 1 .  Three-Point Bending o f  Rectangular P la tes
The e a r l i e s t  e la s t ic  a n a ly s is  was derived in  1936 by M a rc h ^ , 
who developed a d if fe r e n t ia l  equation for  the transverse d e f le c t io n  
o f  th in  and th ick  p la te s  o f  plywood subjected  to th ree-p o in t bending 
as shown in  fig u re  ( 2 . 1 ) .  The d e f le c t io n  was ca lcu la ted  a t the 
p o s it io n  where the concentrated cen tra l load was applied to the s t r ip .
In d er iv in g  the d if fe r e n t ia l  equation for  the d e f le c t io n , i t  was 
assumed th at the components o f  displacem ent u and w were fu n ctio n s o f  
•x and z on ly , and th at v = o . I t  fo llo w s th a t a l l  the components o f  
s tr e s s  and s tr a in  are independent o f  y . On the in ter fa c e s  between 
adjacent p l i e s ,  the fo llow in g  two conditions were applied:
( i )  the components o f  s tr e s s  in  the d irec tio n  o f  x and z 
coordinates were continuous,
( i i )  the components o f  displacem ent u and w were continuous.
With the fu rth er  con d ition s that w ith in  each p ly  the components o f  s tr e s s  
and s tr a in  were connected by com p a tib ility  co n d itio n s.
The d e f le c t io n  expression  was derived from the s tr e s s  fu n ction  
which i s  in  the form o f  a polynominal [equation 36 o f  referen ce 1 ] .  The 
so lu tio n  has been used to determine the d e fle c t io n  in  a range o f  
plywood s tr ip s  contain ing th r e e -p lie s ,  f iv e - p l i e s ,  se v e n -p lie s  and 
n in e -p l ie s .
March and S m ith ^  used a s im ila r  m eth o d ^  to  c a lcu la te  the bending 
s t i f f n e s s  o f  an unbalanced sandwich p la te  subjected  to  th ree-p o in t  
bending as shown in  figu re  ( 2 . 2 ) .  O rthotropic m ateria ls were considered  
for  both core and fa c in g s . The method was developed fu rth er in  a
[3]
second paperL J published in  1955. In th is  paper the s t i f f n e s s  equation
i s  given by
E ffe c tiv e  S t if fn e s s  = -----   (2.1)
h21 + n ~  
az
where D r e fe r s  to  the f le x u r a l r ig id i t y  o f  plywood s tr ip  and x\ r e fer s  
to  the shear deformation in  the core m ater ia l.
T41I t  a lso  has been pointed  out by N orris e t  a l L , th a t th e equation  
C2.1) i s  such th at i f  the modulus o f  r ig id it y  o f  the core i s  reduced to  
zero , the stiffn ess-b eco m es zero. I t  appears th erefore  th a t th is  
a n a ly s is  w i l l  not be com pletely s a t is fa c to r y  for composite beams having 
th ick  fac in gs compared w ith bonding la y er , s in ce  in  th is  case the  
bending s t i f f n e s s  in  the in d iv id u a l face o f  such beams w i l l  continue to  
.support the app lied  load as the r ig id it y  o f  the core becomes n e g lig ib le  
This kind o f  lim ita tio n  can be assessed  by deriv ing  a sim ple and 
approximate expression  in  which the geom etrical parameters o f  composite 
beams should be considered.
2 . 2 .  Four-Point Bending Of Extended Beams
T
An ea r ly  example o f  the e la s t i c  a n a ly s is  o f  an unbalanced sandwich
F41i s  presented in  report No. 1505-A published in  1952, by N orris e t  a l L J 
An a n a ly s is  has been developed fo r  an unbalanced sandwich p la te  
subjected  to fou r-p o in t bending where the beam extended considerab ly  
beyond the loading p o in t as shown in  figu re  ( 2 . 3 ) .  The expressions fo r  
the bending s t i f f n e s s  and the shear s tr e s s  in  the core o f  the sandwich 
p la te  were developed. In the a n a ly s is , the facin gs o f  the beam were 
considered as e la s t i c  beams. The s tr a in s  in  the fac in g s were taken to  
c o n s is t  s o l e l y  o f  those a sso c ia ted  with bending and s tr e tc h in g . I t  
was assumed th at the normal displacem ent component was id e n t ic a l in  the 
two fa c in g s . The core m aterial was considered to have a low-modulus
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o f  r ig id i t y  and n e g lig ib le  bending s t i f f n e s s  when compared w ith  the  
fa c in g  m a ter ia l. In ad d itio n , in  the a n a ly s is  o f  the shear s tr e s s  
i t  was assumed th a t the shear deformations were constants over the  
th ick n ess o f  the core . The form o f  the in te r fa c ia l  shear s tr e s s  
fu n ction  e q u a t io n ^  was derived from the governing equilibrium  equations 
fo r  the sandwich p la te s , which i s  given by
g
t = A cosh a x + B Sinhi a x + —  (2.2)
a2
[41In th e ir  a n a ly s is  N orris e t  a l L J made the fo llow in g  assumptions:
(1) The s tr e s s e s  in  the core, other than shear, are n eg lec ted .
(2) The shear s tr a in s  in  the fac in gs are n eg lected .
(3) The shear s tr e s s  in  the core i s  uniform ly d is tr ib u ted  across 
the c o re .
(4) The curvatures o f  the two facin gs are assumed to be equal a t  
any s e c t io n  o f  the sandwich. .
[41
The fo llow in g  conclusions drawn by the authors, Norris e t  a l L J 
were:
(1) For sandw ich*constructions having th ick  facin gs and core o f  
very low modulus o f  r ig id i t y ,  th is  an a ly sis  may y ie ld  values  
c lo se r  to those e x is t in g  in  p a r t ia l specimens except in  the 
neighbourhood o f  the load applied  to the beam. N either  
a n a ly s is  i s  su ita b le  fo r  sh ort specim ens, nor fo r  the d e te r ­
m inations o f  the shear s tr e s s e s  near the loads or r ea c tio n s , 
because o f  the lo c a l e f f e c t s  o f  the concentrated loa d s.
(2) The modulus o f  r ig id it y  o f  the core i s  e f f e c t iv e  in  a bending 
t e s t  o f  a sandwich specimen. I f  the modulus o f  r ig id i t y  
v a r ie s  along the specim ens, the shear stren gth  i s  l ik e ly  to  
vary in  a s im ila r  manner, being sm all where the modulus i s
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sm all and large  where the modulus i s  la r g e . In the facin gs  
o f  sandwich beams are trea ted  as th in  and subjected  to  th ree-  
p o in t load . For th is  ca se , the shear s tr e s s  in  the core i s  
s u b s ta n tia lly  constant along the specimen and fa i lu r e  w i l l  
take p la ce  a t  the poin t o f  minimum shear s tren g th . I t  seems 
ad visab le  to  use values o f  the modulus o f  r ig id i t y  and shear  
stren gth  o f  core m ateria ls obtained from bending t e s t s  in  
formulas in v o lv in g  flex u re  even though such s tr e s s  may be 
in flu en ced  by the p a r ticu la r  sandwich con struction  te s te d .
(3) The f le x u r a l r ig id i t y  o f  a sheet o f  a sandwich i s  not so
high as the usual ca lcu la tio n s  would in d ic a te . The r e la t iv e ly
low-modulus o f  r ig id i t y  o f  the core causes a considerab le
reduction  in  the ca lcu la ted  s t i f f n e s s ,  e s p e c ia l ly  for  sh eets
whose lin e a r  dimensions are not extrem ely large in  comparison
to th e ir  th ick n ess , 
m
N orris e t  a l L J have presented an e la s t ic  a n a ly sis  to  incorporate  
the in flu en ce  o f  the* modulus o f  r ig id i t y  o f  the core 011 the s t i f f n e s s  
o f  th e sandwich p la t e s .  I t  i s  important to  a sse ss  the lim ita tio n s  
imposed by [4] on the computation o f  s tr e s s e s  in  short span beams and 
the dimensions o f  shear s tr e s se s  near the lo ca tio n  o f  loads or r e a c tio n s .  
This inform ation i s  not s u f f ic ie n t  to  reach any con clu sion , because the  
proper loading con d ition s and boundary con d ition s are needed in  th ese  
composite beams, in  order to p red ic t th e correct value fo r  shear s tr e s s  
d is tr ib u tio n  in  com posite beams.
2 . 3 .  Uniform Bending o f  Fibre-reinfOrcCd V is c o e la s t ic  Beam
Nachlinger and L e in in g e r ^  used an a n a ly t ic a l so lu tio n  fo r  the  
case o f  a fib re -r e in fo r c ed  v is c o e la s t ic  beam subjected  to uniform
bending moment. A r ig id  bond between the v is o e la s t ic  m aterial and 
the long th in  f ib re s  was assumed. The rectangular cross se c t io n  o f  
the beam was a lso  considered. The expressions fo r  the curvature 
and the lo ca tio n  o f  the n eu tra l a x is  have been developed. The 
maximum s tr e s s e s  in  the composite beam were ca lcu la ted  fo r  two 
d if fe r e n t  c a se s . In the f i r s t  ca se , equal magnitude fo r  both ten sion  
in  long th in  f ib r e s  and compression in  v is c o e la s t ic  m ateria l has been 
considered. For th is  case a maximum s tr e s s  above 15% has been 
p red ic ted . In the second case a d if fe r e n t  magnitude fo r  both ten sion  
in  the f ib r e s  and compression in  the matrix m aterial was considered .
For th is  case , a maximum s tr e s s  below 15% was p red ic ted . Moreover, the  
values fo r  th is  s tr e s s  d is tr ib u tio n  in  the composite beam have been 
ca lcu la ted  in  the general form.
S im ilar , th e o r e tic a l work fo r  t h e ‘same kind o f  f ib re -r e in fo r c ed  
v is c o e la s t ic  beam under constant bending moment has been carried  out 
by N a c h l in g e r ^ , who developed th e formulae for  the l im it  o f  the  
s tr e s s  and curvaturet. Although th is  inform ation has been presented  
as being re lev a n t to  a uniform bending moment in  composite beam, but 
i t  does not provide any r e s u lt s  about the actual behaviour c h a r a c te r is t ic s  
o f  th is  kind o f  beam. Inadequate expressions fo r  the s t r e s s ,  curvature 
and p o s it io n  o f  the n eutral ax is  have been obtained in  th e ir  a n a ly s is .
As fa r  as the a n a ly s is  o f  composite beams under the same kind o f  loading  
cond ition  i s  concerned, the p red ic tio n s about the in te r a c tio n s  o f  the  
forces a t the in te r fa c e  o f such com posites are required .
2 . 4 .  Bending o f  Laminated P la tes  Under Transverse Load.
T91A paper was published in  1969 by Whitney1 J in  which a bending theory  
has been developed fo r  a n iso trop ic  lam inated p la te s  subjected  to  transverse  
load ing . In th is  theory the p la te  su rfaces are assumed to be fr e e  o f
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shear tra c tio n s  and the shear s tr e s s e s  <to be continuous a t  the 
in te r fa c e s  o f  adjacent la y e r s . The e f f e c t  o f  transverse normal shear  
s tr e s s e s  on the d e f le c t io n  o f  the lam inate i s  assumed to  be n e g l ig ib le .  
The problem o f  bending o f  composite p la te s  has been so lved  by using a 
Fourier s e r ie s  s tr e s s  fu n ction . Through th is  s tr e s s  fu n ctio n , the 
th e o r e tic a l r e s u lt s  fo r  the d e f le c t io n  o f  laminated p la te s  and the  
tran sverse  shear s tr e s s  d is tr ib u tio n s  were obtained. I t  has been
shown th a t under the transverse shear load, the shear deformation can
s ig n if ic a n t ly  a f f e c t  the d e f le c t io n  o f  an iso tro p ic  lam inates. For the 
bending o f  a four la y er  symmetric cro ss -p ly  square p la te  under the
tran sverse load, i t  has been shown [fig u re  1 o f  referen ce 9] th a t the
shear deformation reduces the d e f le c t io n  above 15%, and fo r  th is  case  
a width to th ick n ess r a tio  o f  20 was considered. S im ila r ly , the 
bending curves show [fig u re  2 o f  referen ce 9] th a t the e f f e c t  o f shear  
deformation on the gross behaviour o f  composites was much le s s  pronounced 
fo r  a sm all value o f  modular r a t io .  The magnitude o f  d isc o n tin u ity  in  
the s lop e o f  the she^r s tr e s s  a t the in ter fa c e  o f adjacent layers o f  
a c ro ss -p ly  p la te  has been explained in  [equations (4) and (32) o f  
referen ce 9] which are a fu nction  o f  the shear modulus r a t io .
/WflS
I tA found th at th is  inform ation about the tran sverse shear 
deformation was not s u f f ic ie n t  because o f  geom etric con figu ration  o f  any 
number o f  iso tr o p ic  or orthotrop ic  layer  c ro ss -p ly  p la te s  are in vo lved .
In order to so lv e  the problem o f  the shear s tr e s s  a t the in te r fa c e  o f  
adjacent layers o f  th ick  laminated composite beams, the fo llow in g  
parameters such as the co m p a tib ility  o f  s t r e s s ,  the geometry and variou s  
boundary con d ition s are required.
2 . 5 .  Composite Laminates Under C ylin d rica l Bending
[71
WhitneyL J has developed shear deformation theory fo r  the shear
2-7
s tr e s s  d is tr ib u tio n s  in  b id ir e c tio n a l th ick  lam inates and sandwich 
p la te s  subjected  to  bending load . The in -p lan e displacem ents are 
assumed to be lin e a r  across the e n tir e  th ickness o f  the p la te  with  
non-vanishing tran sverse shear s tr a in s . The problem o f  the in te r -  
laminar shear s tr e s s e s  in  th ick  p la te s  has been so lved  by the Fourier 
s e r ie s  s tr e s s  fu n ctio n . The ca lcu la ted  th eo r e tic a l r e s u lt s  fo r  shear 
deformation o f  th ick  laminated p la te s  and sandwich p la te s  has been 
shown {fig u res  (6) and (7) o f  referen ce 7 ] . S im ilar th e o r e t ic a l r e s u lt s  
have been published in  1969 by P a g a n o ^ ^ . In th is  paper, p la te  theory  
has been developed fo r  b id ir e c tio n a l lam inates subjected  to c y lin d r ic a l  
bending. The model i s  assumed to be in  a s ta te  o f  plane s tr a in  w ith  
resp ect to  the x y plane and i s  simply supported on the ends x = o 
and x = L, and a r ig id  bond between the layers was assumed. The fo llo w in g  
three separate geom etrical con figu ration s were considered , namely;
( i )  a u n id ir e c tio n a l p la te  w ith the f ib r e s  orien ted  in  th e x -d ir e c t io n ,
( i i )  a b id ir e c tio n a l (coupled) lam inate with the tran sverse  and 
lo n g itu d in a ltd ir e c tio n s  a lign ed  p a r a lle l  to x in  the top and 
bottom la y e rs , r e sp e c t iv e ly , the layers being o f  equal th ick n ess , 
and
( i i i )  a symmetric th ree-p ly  lam inate with layers o f  equal th ick n e ss .
The lon g itu d in a l d ir e c tio n  co in cid es w ith x -coord in ate  in  the  
outer la y e rs , w hile the tran sverse d ir e c t io n - is  p a r a l le l  to  
y -d ir e c tio n  in  the cen tra l la y er .
The problem was so lved  by the Fourier s e r ie s  s tr e s s  fu n ctio n  in  the  
laminated p la t e s .  The th e o r e tic a l r e s u lt s  were computed fo r  the 
lon g itu d in a l s t r e s s ,  transverse s t r e s s ,  and p la te  d e f le c t io n . The 
tran sverse shear s tr e s se s  w ith in  each layer  o f  laminated p la t e s  were 
found to be approxim ately p arab olic .
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Although both the s tu d ies  have been presented as being re levan t  
to  the shear deformation o f  composite m a ter ia ls , they do not provide the 
inform ation about the shear load tra n sfer  mechanism. This mechanism 
in  lam inates i s  l ik e ly  to be complex even for  sim ple forms o f  loading  
co n d itio n s. I t  i s  c lea r  th a t a r e la t iv e ly  d e ta iled  knowledge o f  the 
s tr e s s  d is tr ib u tio n s  induced by th e applied  load i s  required i f  the  
r e la t iv e  importance o f  in ter a c tio n  o f  fo rces a t  the in te r fa c e  o f  
com posites i s  to  be a ssessed .
2 . 6 .  P h o to e la st ic  S tudies o f  Beams
An ea r ly  example o f  the use o f  the p h o to e la st ic  technique was found 
in  a paper published in  1931 by F r o c h t^ ^ , who obtained the o p t ic a l  
p ro p erties  fo r  various kinds o f  m a ter ia ls . Under pure bending the  
fr in g es  in  B a k e lite  and C e llu lo id  beams were observed. I t  was 
mentioned th a t the fr in g es  are s tr a ig h t p a r a l le l ,  eq u id ista n t l in e s ,  
th is  being due to the lin ea r  d is tr ib u tio n s  o f  the s t r e s s e s .  From the 
known load condition^ and the dimensions o f  the beam, the s tr e s s  value  
o f  each fr in g e  can be computed. The e f f e c t  o f  various types o f  loads  
such as c a n tile v e r  w ith transverse end load , th ree-p o in t bending and 
fou r-p o in t bending on rectangular cross sec tio n  o f  the beams o f  
homogeneous m aterial and o p tic a l p rop erties were in v e s t ig a te d . I t  was 
shown th at the B a k e lite  m aterial o p t ic a l ly  or p h o to e la s t ic a lly  i s  more 
s e n s it iv e  than C e llu lo id  m ateria l.
In th is  paper the p r in c ip le  o f  o p t ic a l equivalence o f  s tr e s se d  
is o tr o p ic  beams has been presented . This p r in c ip le  i s  very reasonable  
and can be applied to  the transparent b ire fr in g en t p la s t ic  m a ter ia ls .
I t  i s  n ecessary  to  study the s tr e s s  d is tr ib u tio n s  p h o to e la s t ic a lly  in  
the in d iv id u a l layers o f laminated composite beams, because each
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lam inate i s  considered as an e la s t i c  beam.
M31
A paper was published in  1970 by Alwar1 , who carried  out
p h o to e la st ic  experiments on a sim ple sandwich beam subjected  to
tran sverse end load, as shown in  fig u re  ( 2 . 4 ) .  The tran sverse  end
load was app lied  in  such a manner th at the loading p o in ts  formed two
s t a t i c a l ly  eq u iva len t load system s. The t e s t  models were 10 inches
long and 2 inches deep. The depth o f  each layer  was 0 .8  inch and th e
depth o f  the core was 0 .4  in ch . The width o f  the beam was 0 .6  inch .
These models w ith d if fe r e n t  combinations o f  m ateria ls such as A ra ld ite  D,
rubber and p la s t ic iz e r  were used. The isochrom atics and the magnitudes
o f  the fr in g e  order were determined by the o p tica l compensation technique.
'The maximum shear s tr e s s  d is tr ib u tio n  has been found fo r  the two loading
system s at d if fe r e n t  d ista n ces  from-the referen ce p o in t. The fo llo w in g
ri3lconclusion  being drawn by the author Alwar1 J about the v a r ia tio n  o f  
s tr e s s  w ith d istan ce;
( i )  At a d istan ce  Mb" from the referen ce p o in t the maximum 
d ifferen ce  was found as high as 40%.
( i i )  At a d istan ce  "2bM the maximum d ifferen ce  was found about 
18%.
( i i i )  At a d istan ce  l,3bM the maximum d ifferen ce  was found 
in s ig n if ic a n t .
ri3l
A paper presented  by AlwarL J has the fo llow in g  weak p o in ts ,
Although the th ick  fac in g s o f  the sandwich beam was used;
( i )  No mention has been made about the i n i t i a l  s t r e s s e s .
( i i )  The complete a n a ly sis  o f  the p r in c ip le  s tr e s se s  was not  
attempted.
( i i i )  The correct loading procedure was not mentioned.
r 1 2 1
A p h o to e la st ic  in v e s t ig a tio n  has been made by Kemmochi and UemuraL J,
to  study the s tr e s s  d is tr ib u tio n  in  sandwich beams composed o f
various face and core m ateria ls  under fou r-p oin t bending as shown
in  fig u re  ( 2 . 5 ) .  The experim ental r e su lts  have been analysed by
introducing the m u ltila y er -b u iltu p  theory. The f i r s t  part o f  th is  
[121
paper1- J i s  covered by the th eo r e tic a l a n a ly s is . Under the fo u r-p o in t .
loading co n d itio n s, the m u ltilayer  . _  theory has been developed.
ri21The second order d if f e r e n t ia l  equation1 J
d2Pf  y
- Q2 .Pf  = -  6 . f j r - p  M (2.3)
has been obtained under the fo llow in g  assumptions. The core was low-
modulus m aterial in  comparison w ith the fa ces  o f  sandwich beam. The 
•
bending moment was r e s is te d  by the faces a lon e. The shear load tra n sfer
mechanism between two fa ces  was considered which i s  expressed by
[12] equ ation L J;
F in a lly , they derived the expressions fo r  a x ia l force in  the two 
regions ( i )  and ( i i ) .
- The paper published by Kemmochi and Uemura^^ has the fo llo w in g  
weak p o in t in  the th e o r e tic a l development. They have not described  the 
lon g itu d in a l in t e r fa c ia l  shear s tr e s s  d is tr ib u tio n s  in  the two region s  
( i )  and ( i i ) , although the in te r fa c ia l  shear mechanism was. considered  
in  equation ( 2 . 4 ) .
[121
Another part o f  the paper1 J i s  covered by the p h o to e la s t ic  
measurements. The i s o c l in ic s  and isochrom atic fr in g e  p a ttern s were 
measured a t lower loads which were wel l  below the e l a s t i c  l i m i t .  I t  
was concluded th a t, as the modulus r a t io  was increased , the lo c a tio n  o f  
the neutra l a x is  changed the p o s it io n  towards the t e n s i le  edge and the
range o f  uniform bending moment becomes narrower for  models 2 and 3
o f  referen ce [1 2 ]. Furthermore, the p o s it io n  o f  the n eu tra l ax is
r i 2 idisappeared from the th ick n ess o f  the core in  the model 4 L J , and a 
n eu tra l l in e  appeared in  each o f  the faces [upper and lower, NA(2) and 
NA(1) r e s p e c t iv e ly , as shown in  fig u re  5 o f  referen ce 1 2 ]. The 
d is tr ib u tio n s  o f  th e lo n g itu d in a l la te r a l and shearing s tr e s s e s  were 
obtained in  the region  ( i i )  o f  the fou r-p oin t bending where the bending 
w ith shear takes p la c e . These experim ental r e s u lt s  have been analysed  
by the shear d iffe re n c e  method. The fo llow in g  weak p o in t has been 
found in  th e ir  experim ental work, in  th a t, they have n ot explained  
e x p l ic i t ly  the way in  which the fou r-p o in t loading con d ition  was 
app lied  to the t e s t  model.
From both p h o to e la st ic  s t u d i e s , i t  was found th a t th ese  
in v e s t ig a tio n s  do not provide s u f f ic ie n t  inform ation about the s tr e s s  
d is tr ib u tio n  in  composite beams to reach any conclusions about the  
behaviour o f  such com posites. I t  i s  necessary , th erefore  to  obtain  
more experim ental r e su lts  under a v a r ie ty  o f  tran sverse  loading
r
co n d itio n s, in  order to  make more r e l ia b le  p red ic tio n s about the shear  
s tr e s s  d is tr ib u tio n s  in  laminated composite beams.
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CHAPTER 3
THEORETICAL ANALYSIS FOR SINGLE BONDING LAYER
3 .1 . Introduction
3 .1 .1 .  The Scope o f  a Model
The purpose o f  th is  Chapter i s  to develop a theory fo r  the 
e la s t i c  bending and shear s tr e s s  d is tr ib u tio n s  in  a sim ple laminated  
com posite beam. The value o f  s tr e s s e s  a t the c r i t ic a l  p o in t from which 
fa ilu r e  may in i t ia t e  can be a ffe c te d  by the in ter fa ce  geometry, the 
form o f  the app lied  load and the other ph ysica l p rop erties  o f  the  
m ateria ls  which are in volved . Invariab ly  laminated stru c tu res  are 
p a r tic u la r ly  vulnerable to  the e f f e c t  o f  transverse loading which 
induces high interlam inar shear s tr e s s e s .  For t h is  reason, the main 
in te r e s t  i s  focused on a method fo r  determining the bending and shear 
s tr e s s  d is tr ib u tio n s  on transverse s e c t io n s .
In ad d ition , the importance o f  the loading con d ition s and 
constru ction  o f  the laminated beam i s  h ig h lig h ted , because v a r ia tio n s  
in  th ese parameters produced a s ig n if ic a n t  e f f e c t  on the lo c a l  s tr e s s  
concentration  in  such components. The shear tra n sfer  mechanism has 
been developed from f i r s t  p r in c ip le s  by assuming a very sim ple 
displacem ent co n d itio n . The present a n a ly s is  y ie ld s  the shear s tr e s s  
d is tr ib u tio n  and other parameters such as a x ia l fo rce , bending moment 
in in d iv id u a l lam inate. In Chapter 7, the r e s u lt s  o f  th e  th eory  w i l l  
be d iscu ssed  in  d e t a i l ,  when a comparison can be made w ith  experim ental 
r e s u lt s .
3 .1 .2 .  D e ta ils  o f  Prototype Arrangement
A sim ple s in g le  layer c a n tilev e r  beam with transverse end load  
i s  shown in  figu re  ( 3 .1 ) .  The system o f  rectangular co -o rd in a tes  X
and Y, whose o r ig in  i s  a t the fix ed  end o f  the beam are chosen in  
order to provide the most convenient boundary co n d itio n s. The 
geom etric parameters o f  a ty p ica l composite ca n tilev er  beam are 
a lso  presented in  the fig u re  ( 3 .1 ) .  This simple s p e c if ic  model i s  
considered because the boundary conditions are w ell known. I t  i s  
easy  to so lv e  the p la n e -s tre ss  problem for  a laminated beam when i t  
i s  subjected  to combined reaction ary fo r c es , such as an a x ia l force  
and bending moment.
3 .1 .3 .  Assumptions
The fo llow in g  assumptions form the b a s is  o f  the theory to  be 
developed.
(1) Each layer o f  the laminate behaves as a simple e la s t i c
beam subjected  to a combination o f  bending and tran sverse  
shear fo r c es .
(2) The deformation o f  the bonding layer  i s  co n tro lled  by the
adjacent lam inate, and i t  i s  considered to r is e  s o le ly  as
a r e s u lt  o f  shearing s tr e s s e s .
(3) The depth to r a t io  o f  the whole beam i s  large  
and the components can be considered to  be in  a s ta te  o f  
plane s t r e s s .
(4) The bending s tr e s s  d is tr ib u tio n  v a r ies  l in e a r ly  through the 
depth o f  each lam inate.
(5) Both in ter fa ce  m ateria ls are assumed to be in  an e la s t i c  
s t a t e .
( 6 ) Complete bonding i s  assumed a t the in ter fa ce  o f  each la y e r .
(7) The shear s tr e s s  in  each bonding layer i s  assumed to  be 
constan t.
3 .1 .4 .  Nomenclature
I t  i s  noted th a t the fo llow in g  nomenclature can be used in  the  
a n a ly s is :
A,B con stan ts o f  in teg r a tio n ,
b u n it width o f  laminated composite beam,
c depth o f  bonding la y e r ,
d depth o f  each lam inate.
E . modulus'" o f  " e la s t ic i ty  o f  laminate 
G modulus o f  shear o f  bonding layer
L length o f  composite beam.
M bending moment in  lam inate.
m constant c o e f f ic ie n t  o f  geometry o f  lam inates and 
bonding layer  
S in tern a l transverse shear force
T a x ia l force  in  laminate
U lo n g itu d in a l shear displacem ent a t in te r fa c e s .
V transverse displacem ent in  lam inate.
W extern al app lied  transverse load
x ,y  co o rd in a tes .
y p o s it io n s  o f  neutral a x is .
cj bending s tr e s s  in  laminate
t  in te r fa c ia l  shear s tr e s s
T transverse shear s tr e s s  in  lam inate,
xy
3 .2 . C antilever w ith Transverse End Load
3 .2 .1 .  D erivation o f  Governing Equilibrium  Equations
Referring to  fig u re  (3 .2 ) ,  which in d ica tes  the s ig n  conventions  
used for  forces and bending moments, and n oting  that the upper and
lower su rfaces o f  the beam are free  from shear s t r e s s .  The fo llow in g  
equilibrium  equations can be w ritten  for a ty p ica l elem ent o f  the  
beam.
The condition  o f  tran sverse  force  equilibrium  for  an elem ent o f  each 
lam inate i s
S -  y  t  J  . t  s  o (3 .1 )
The lo n g itu d in a l force  equilibrium  is
i j l  + t = o (3 .2 )
The cond ition  o f  bending moment equilibrium  fo r  the elem ent o f  each 
lam inate i s
!"* + S -  f . . T = o  (3 .3 )
S u b stitu tio n  o f  equation (3 .1 ) in to  equation (3 .3 ) g ives
dM W (d+c) ' , ,
cEc 7  " • T = 0  ( 3 ’4)
I t  i s  assumed th a t each lam inate behaves as an e la s t ic  beam, so th a t, 
the moment-curvature r e la t io n sh ip  i s
(3 .5 )
dx2  EI
E d 3where EI = r e fe r s  to the flex u ra l r ig id it y  o f  each lam inate.
The a x ia l shear displacem ent i s  r e la ted  to the tran sverse  d is p la c e ­
ment o f  the lam inate and shear s tr a in  o f  the bonding la y er , as i s  
i l lu s t r a t e d  in  fig u re  (3 .3 ) .  The lo n g itu d in a l shear displacem ent
r e la t io n sh ip  i s  given by
„ (d+c) dV c „U = - 2 —  -3^ - 2 G .T (3 .6 )
D iffe r e n tia t in g  equation (3 .6 ) tw ice with resp ect to  x i s
d2U _ (d+c) d3V c d2x r,  ^
' dx2  = 2  'dx3 ■ 2G ■ dx2  (
The s tr e s s - s t r a in  re la t io n sh ip  for  each lam inate i s  as fo llo w s
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and
d2U 1 dT _ _ J _  
E.d * dx " E.d (3 .9 )dx2
From equations ( 3 .4 ) ,  (3 .7 ) and (3 .9 ) ,  i t  fo llow s that
c d2x _ t  (d+c) 2  (d+c) „ r 3  1Q1
2 T  T T '  ‘ ETT TET • T 4EI • w t 3 - 10J
Equation (3 .10) may be rearranged to give
d2x _ 2Gr3(d+c) 2  + d2)  ^ 6 G(d+c) _ (3 > n )
dx2  E .c .d 3 E .c .d 3
The d if f e r e n t ia l  equation (3 .11) i s  o f  standard form and i t s  so lu tio n
i s
t = A Cosh m x + B Sinh m x + --------------   . w (3 .12)
£3(d+c) 2  + .d2]
where m2  = — *-  ^ r e fer s  to the constant c o e f f ic ie n t  in
E .c .d 3
which the geometry o f  the lam inates and .the bonding layer  i s  involved ,
3 .2 .2 .  Determination o f  In te r fa c ia l Shear S tress D is tr ib u tio n
Equation (3 .12) represents a value fo r  the in ter fa c e  shear s tr e s s  
d is tr ib u tio n  in  the bonding la y er  in  which the in teg ra tio n  constants  
A and B are involved . In order to so lv e  fo r  these co n stan ts, the
fo llow in g  boundary conditions fo r  the c a n tilev e r  beam are introduced:
. .  dV ,r . t d2V dU TAt x = o, t  = o , = o , V = o; and at x = L, -----  ” 0y dx = E"~d = 0 *
ax2
The value fo r  th ese  constants A and B are obtained in  Appendix A.
S u b stitu tin g  the value o f  the in teg ra tio n  constants from equations 
(A .2) and (A .12) in to  equation (3 .1 2 ) , and w ritin g  the non-dim ensional 
expression  for  in t e r fa c ia l  shear s tr e s s  fo r  the s in g le  bonding layer  
laminated beam g ives
3 ( l+ f)  3 ( l+ f )
. t  = — :—  -------  . [tanh m L Sinh m x - Cosh m x] +
[3(1+5.)2 + i] [3(l+5)2 +1]d^
(3 .13)
Typical d is tr ib u tio n s  o f  the in te r fa c ia l  shear s tr e s s  in  a s in g le  
layer  beam are shown in  fig u re  ( 3 .6 ) .  The various values o f  depth 
r a t io  (^) presented  in  th is  fig u re  are: 0 .0 8 7 , 0.182 and 0 .2 8 6 .
3 .2 .3 .  Determination o f  Bending S tress  D istr ib u tion
The laminate i s  subjected  to a combined a x ia l force and bending 
moment. The non-dim ensional r e su lta n t bending s tr e s s  w i l l  be given by 
d T 12 M ry-, 1/n
w • a x  = w '  a - - r  • W  ( 3 - 14;)
T MS u b stitu tin g  the values o f  ^  and ^  from equations (A. 13) and (A. 14) 
in to  equation (3 .14 ) g ives:
d _ 1^(1+^) .tanh m L Cosh m x - Sin h m x-.
” ' °X = '  [3 (l+f ) 2 ♦ 1] "
[ ( $  -  - V l  - 6(L~XC\  • I #  -  ^  (3-15)
6 ( 1 + |) d [ 3 ( l+ | ) 2  + 1 ]
The so lu tio n  o f  th is  equation (3 .15) i s  based on assumption 4 . A
ty p ic a l bending s tr e s s  d is tr ib u tio n  through the depth o f  each lam inate
i s  shown in  fig u re  (3 .7 ) ,  fo r  the depth r a t io  0 .087 .
3 .2 .4 .  Determination o f  Transverse Shear S tress  D istr ib u tio n
The fo llow in g  standard expression  g ives the transverse shear s tr e s s  
d is tr ib u tio n  through the depth o f  each lam inate:
j j j
w • T = -  /  77- . j— o . dy (3 .16)W x y  ^ W d x  x 7 K J
~2
D iffe r e n tia tin g  equation (3 .15) w ith resp ect to  x , g ives
d 1 8 ( l 4 ) 2
rr . j—  = - ---------------------- [tanh m L Sinh m x -  Cosh m x]
H ax d[3C l+f) 2 + 1 ]
[ ( $  ■ + - ^ 5 - ]  + ----------§ -;--------  tc^o - (3 .17 )
6 (1+ |) d [ 3 ( l + | ) 2  + 1]
S u b stitu tio n  o f  equation (3 .17) in to  equation (3 .16 ) y ie ld s
-  - -  -  T ^  ---------
[Cl-
9 d 4 ) 23 d + f )
3(1+l>
et .  t  = [( t) + 0 .5 ]  --------------  [tanh m L Sinh m x -  Cosh m x]
w ^  1 ( i + f ) 2  + i ]
[2(1+1 . ) 2  + 1] [3 ( l+ f ) 2 + 1]
[(&> - 0,5] ---------------  [(£) . o.S]
[3 (1 + | ) 2  + 1]
ffcanh m L Sinh m x - Cosh m x]
(3 .18 )
The so lu tio n  o f  equation (3 .18) fo llow s from assumption 4 . The
ty p ic a l r e s u lt s  are i l lu s t r a t e d  in  the fig u re  (3 .7) which shows the
tran sverse shear s tr e s s  d is tr ib u tio n  through the depth o f  each lam inate 
fo r  the depth r a t io  0 .087 .
3 .2 .5 .  P o sitio n  o f  Neutral Axis
The p o s it io n  o f  the neu tra l ax is .varies along the span o f  the beam, 
s in ce  each lam inate i s  subjected  to  a shear tra c tio n  on i t s  in te r fa c e s ,
where = o , then from equation (3.15) i s
7M .c^ J T x^  rtanh m L Cosh m x -  Sinh m x - \
y  = (L ) = C dJ ~ L m JJ (3 .19)
d ic d .C s  rtanh m L Cosh m x -  Sinh m x-, x ,ISd+g.) [----------------5 -----------------------------] + 6 L (l-r )
The ca lcu la ted  r e s u lt s  are shown in  figu re  (3 .1 0 ) , for  th e depth 
ra tio s  (^). 0 .0 8 7 , 0.182 and 0 .286 .
3 .3 . Four-Point Bending
3 .3 .1 .  Introduction
On the b a s is  o f  the previous sec tio n  ( 3 .2 ) ,  the fo u r-p o in t  
bending configu ration  i s  employed in  order to  c a lcu la te  the va lu es o f  
the app lied  loading con d ition , which are required fo r  the experim ental 
loading r ig . The laminated beam i s  subjected  to  a fo u r-p o in t load , 
and i t s  geom etric parameters and the coordinate system fo r  the
undeformed beam are presented in  the figu re  (3 .4 ) .
\
•  •  •
This id e a lis e d  model i s  d iv ided  in to  two regions (I) and ( I I ) .
The only v i t a l  p o in t i s  the fa c t  th a t the boundary con d ition s in  both  
regions o f  the beam are not independent. The in te r fa c ia l  shear s tr e s s  
and bending s tr e s s  d is tr ib u tio n s  are analysed in  the region  ( I ) ,  where 
a uniform bending moment takes p la ce . Whereas, in  the region  ( i i ) , 
the a n a ly s is  developed in  sec tio n  (3 .2 ) i s  app lied ,, s in c e  in  th is  
region  bending and shear force  takes p la ce .
Nomenclature
The n o ta tion  o f  the se c tio n  (3 .1 ) i s  repeated and i s  used in  each 
o f the two regions o f  th is  s e c t io n .
Subscript
1 th is  su b scrip t design ates q u a n tit ie s  p erta in in g  to the 
region (I)
2  th is  su b scrip t d esign ates q u a n tit ie s  p erta in in g  to the 
region ( i i ) .
3 .3 .2 .  D erivation o f  Governing Equilibrium  Equations in  the Region ( i ) -  
Constant Bending Moment.
The sign  conventions used for  th e forces and bending moments are 
shown in  fig u re  (3 .5 ) .  For the uniform bending moment - reg ion  ( I ) ,  
the fo llow in g  equilibrium  equations are derived:
The condition  o f  tran sverse shear force  equilibrium  fo r  the bonding 
layer  i s ;
+ y  . Tj = o (3 .20)
and, the lo n g itu d in a l force  equilibrium  is  given by:
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The condition  o f  bending moment equilibrium  fo r  the bonding layer  i s  
. .dM, ,
dbT + S 1  -  I  . t ,  = o (3 .22)
S u b stitu tin g  equation (3 .20) in to  equation (3.22) y ie ld s
= 6  (d+c)  ^ T (3 .23 )
dx3 E .d 3 X E .d 3
In the region  ( I ) ,  where the uniform bending moment takes p la c e , and
the shear force  W = o , the second order d if fe r e n t ia l  equation fo llow s
from equation (3 .1 1 ) , and w il l  be given by
f l l  _ 2G[3(d+c) 2  * d2] .  Q ( 3  24)
dx2  E .c .d 3
The d if f e r e n t ia l  equation (3 .24) i s  o f  standard form and i t s  so lu tio n  
i s
t 1 = Ai Sinh m Xj + 8  ^ Cosh m x^ (3 .25 )
where m2  = 2G[3(d+c)— + d__]_ ^  a constant c o e f f ic ie n t ,  which i s  
E .c .d 3
id e n t ic a l to  the constant in  equation (3 .1 2 ) .
3 .3 .3 .  D erivation  o f Governing Equilibrium  Equations in  the Region (I I )  
Bending w ith Transverse Shear Force.
S im ila r ly , rew ritin g  the shear force  equation fo r  the region  ( i i ) , 
from equation (3 .4 ) g ives
d 3 V 2  1 2  dM2  _ 6 (d+c)
. t ,  - —  (3 .26)
dx3 E .d 3 E .d 3 2  E.d
Moreover, from equations (3 .7 ) and ( 3 .9 ) ,  the second order d if f e r e n t ia l  
equation fo r  the region  ( i i )  becomes
d2 T« s d3V„ T/
£ _  i J l  = i t s .  — l + ' - l  C3  27)
26 ' dx* 2 ‘ dx3 E' d C 3
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S u b stitu tio n  o f  equation (3 .26) in to  equation (3 .27) y ie ld s
. .a2-t 2 2G [3 (d+c) 2  + d2] 6 G(d+c)
dx2  E .c .d 3 ' 2  E .c .d 3
W (3 .28)
The d if f e r e n t ia l  equation (3 .28) i s  o f  standard form and i t s  
so lu tio n  i s
x9  = A0  Cosh m x9  + B 'Sinh m x9  + --------------  w (3 .29)
1 1  A [3 (d+c) 2  + d2]
where m2  = 2 ^ ^ d + c ^— — — - 1  i s  a constant c o e f f ic ie n t .
E .c .d 3
3 .3 .4 .  Uniform Bending Moment -  Region (I)
3 .3 .4 .1 .  Determination o f  In te r fa c ia l Shear S tress  D istr ib u tio n
The in teg ra tio n  constants A  ^ and B^  are involved in  equation (3 .2 5 ) .
In order to so lv e  fo r  th ese co n sta n ts 'th e  fo llow in g  boundary con d ition s
fo r  fou r-p oin t loading are introduced:
dviAt x, = o , t, = o , U, = o and -r—  = o.
dU1 dU2
At x 1 = L1 and x2  = o , ^  t 2 , ^  = T£ ,
and 0 . = G? .
d2 V2  ^  dU2
At x 0  = L0 , T0  = o , -------- = f t  = o , and -3—  = o.
2  dx2  dx
The in t e r fa c ia l  shear s tr e s s  can be determined by s u b s t itu t in g  the 
value o f  in teg ra tio n  constants B^  and A^  from equations (A. 16) and (A .47) 
in to  equation (3 .2 5 ) , th is  leads to  the fo llow in g  non-dim ensional shear
s tr e s s  equation:
j 3(1+5) tanh m L~ Sinh m x,d _ d __________________   2 _1________  .
W ’ T1 + * (Sinh m tanh m L2  + Cosh m L )^
A ty p ic a l in t e r fa c ia l  shear s tr e s s  d is tr ib u tio n  in  the region  '(i) i s
p a r tly  presented , the r e s u lt  o f  th is  region  can be combined la te r  w ith  
•  •
the region  ( I I ) , s in ce  the boundary conditions' o f  th ese  two reg ion s are
dependent. The so lu tio n  o f  equation (3 .30) i s  i l lu s t r a t e d  in  
f ig u re  (3 .1 1 ) .
3 .3 .4 .2 .  Determ ination o f  Bending S tress  D istr ib u tio n
The non-dim ensional bending s tr e s s  d is tr ib u tio n  in  each lam inate 
o f  the composite beam in  the region (I) i s  given by 
a T. - 0  M,d______ _ 1 X 2- X ry-I it-in
W • ax " W  ■ d”  • W~ • y  (3 .31)
The f in a l  form o f  equation (3 .31) can be obtained by su b s titu tio n  
o f  equations (A.48) and (A .49);
C o ^ 18(l+^-)z tanh m L2  Cosh m x^
W * ax d [3 ( 1 1C) ? i l]  ^n(Sinh m tanh m L2  + Cosh m L^)^
. 6 L9  (1+S)
[(£) + - J - 5- ] -------------3-7--------  [(£> '  — 2 ^ -  ] (3 .32)
6 ( l+ f )  d [ 3 ( l+ | ) 2  + 1 ] 2
The so lu tio n  o f  equation (3 .32) i s  based upon the assumption 4. The 
bending s tr e s s  d is tr ib u tio n  in  the region  (I) i s  shown in  fig u re  (3 .12)
3 .3 .4 .3 .  Determination o f  Transverse Shear S tress
The fo llow in g  standard expression  g ives the tran sverse  shear s tr e s s  
d is tr ib u tio n s  through the depth o f  each lam inate in  th e reg ion  ( i )  
j x , da
W • Txy ■ '  1d W • dx-  dy (3 .33 )
dax 2The value o f  can be obtained by d if fe r e n t ia t in g  equation (3 .3 2 ) ,
thus
j da 18(1+5-)2 tanh m L0 Sinh m x .a_  x ____________a_______  r_____________ 2___________ 1___________ ..
W * dx d [ 3  ( 1  + —) 2  + 1 ] (sinh  m Lj tanh m L 2  + Cosh 111
K j)  + -  1 c ] (3 .34)
dd +J)
S u b stitu tio n  o f equation (3 .34) in to  equation (3 .33) g iv es  the fo llo w in g  
expression:
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3(1+^) tanh m L2  Sinh m x^
* Txy ” + 0*^]* [ 3 ( i + c ) 2  + ^-(Sinh m tanh m- ^  + Cosh m
18(1+^-)2 tanh m L2  Sinh m x^ '
+ [3 ( i + c ) 2  [ 1 ] ^(Sinh m tanh m L2  + Cosh m >
(3 .35)
The value o f  tran sverse shear s tr e s s  equation (3 .35) a t x^ = o i s  
n e g lig ib le .  .
3 .3 .4 .4 .  P o sitio n  o f  Neutral Axis
Where q^ = o, the value o f  y from equation (3 .32) i s
f* tanh m L2  Cosh m x^ •%
3 1^ +d^  | ^2 -^m(Sinh m L. tanh m L0 + Cosh m L.^ r
y = A ________ 5:_________ L _______I__________ I ___________ 1_J_
vd' tanh m L„ Cosh m x.
1S(1+j )  tm(sin h  m tanh m L2  + Cosh m + ^*^2 (3 .36)
the ca lcu la ted  r e s u lt s  are shown in  fig u re  (3 .1 3 ) , for  the depth r a t io s
(^) 0 .0 8 7 , 0 .182 and 0 .2 8 6 . . .
3 .3 .5 .  Bending w ith Shear Force - Region (II )
3 .3 .5 .1 .  Determination o f In te r fa c ia l Shear S tress D istr ib u tio n
The boundary con d itions for  fou r-p o in t bending are mentioned 
in  the beginning o f  s ec tio n  ( 3 .3 .4 ) .  Now i t  i s  easy to fin d  the values  
o f  the in teg ra tio n  constants A2  and B2 , which are involved in  the  
equation (3 .2 9 ) . The shear s tr e s s  can be determined by su b s t itu t in g  the value  
o f  in teg ra tio n  constants A2  and B2  from equations (A.4 4 ) , (A.46) and 
(A.47) in to  equation (3 .2 9 ) . The f in a l  equation fo r  non-dim ensional 
lon g itu d in a l in te r fa c ia l  shear s tr e s s  d is tr ib u tio n  in  the region  ( i i )  i s
 ^ 3 ( l+ j)  tanh m L2  Sinh m x2  -  Cosh m x 2
1»T * To ~  t f  t onVi  m T ■f-onVi m l  x  1  ^ -1
(3 .37 )
W * l2 j-3 2  + i ]  L(tanh 111 banh m L2  + 1)
3 (1+ |)
[3 (1 + |)2  + 1 ]
Equation (3 .37) fo r  the region ( i i )  where transverse shear takes p la c e ,
i s  s im ila r  to  equation (3 .13) fo r  the c a n tile v e r . I t  i s  proved that 
appropriate boundary cond ition s g ive  s a t is fa c to r y  r e s u lt s .  The 
in t e r fa c ia l  shear s tr e s s  d is tr ib u tio n  in  the region  (II )  i s  shown in  
f ig u re  (3 .1 1 ) .
3 .3 .5 .2 .  Determination o f  Bending S tress  D istr ib u tio n
By considering the equation (3 .14) for  c a lcu la tin g  the bending 
s tr e s s  d is tr ib u tio n  in  each lam inate through the depth o f  la y er  in  
the region ( i i )  i t  fo llow s th a t
w •°x = i r - £ - ! r -  ® <3-38>
S u b stitu tin g  the value o f  equations (A.50) and (A .51) in to  equation
(3 .3 8 ) , the f in a l  expression  fo r  s tr e s s  d is tr ib u tio n  i s
18(1+^)2 tanh m Cosh m X2  - Sinh m X2
d • O i-m f  4-o'nVi m T m T _l_ 1  ^ ^
W X , r, M c«. 2  n  m(tanh m L, tanh m L0  + 1) a[5{>l+“r) + ij  i  Z
c,
a 2 ‘ x 2 3 6  r,y , (1+$1 $  +  V  ] -  ■-— ---------- [(£) -  ~ Y ~  ] (3 .39 )
d 6 ( 1 +|D d [3 C l4 ) 2  + 1 ]
Equation (3 .39) i s  developed in  the region ( i i )  on the b a s is  o f  equation
(3 .13) for  the c a n tile v e r . Typical r e su lts  are shown in  the fig u re  (3 .14)
3 .3 .5 .3 .  Determination o f  Transverse Shear S tress  D istr ib u tio n
The condition  o f  s tr e s s  equilibrium  fo r  each lam inate in  the region
( i i )  i s
, y , da
2- . T = - / ,  2. * . dy (3.40)W xy d W dx J v
“ 2
and d if fe r e n t ia t in g  the resu lta n t s tr e s s  expression  (3 .39) w ith  
resp ec t to  x g ives
 ^ dax 1 8 ( l+ j )2 tanh m L2  Sinh m x2-Cosh m x2
W * dx “ j f tm  c-v2  7 7  ^(tanh m L, tanh mL0  + 1 ) ^dLSCl+j)^ + 1 ] 1 2
£
r$> + ] + --------- V ; -------- [c$  '  (3 -41>6(l+£) d [3 (l+f)2  + 1]
S u b stitu tio n  o f  equation (3 .41) in to  equation (3 .4 0 ) , g ives the f in a l  
r e s u lt  fo r  the shear s tr e s s  d is tr ib u tio n  in  each lam inate as:
I. 3(1+^) tanh m L2  Sinh m x2~Cosh m x2
Tv„ “ [(x) + 0 .5 ]<  ^  + i ]  m tanh ,m L2  + 1
3 (1 -4 ) L 9C1+|D2
+
d
W * "xy L''d
[3 (1 + |)2  + 1] [3 (1 + |)2  + 1]
tanh m L2  Sinh m x2  -  Cosh m x 2  
^•(tanh m tanh m L2  + 1 )   ^ 0 .5 ]
[3 (l+ £ )2  + 1] [(d
&  -  0 .5 ]  > (3 .42 )
The so lu tio n  o f  equation (3 .42) i s  based upon the assumption 4 . Typical 
r e su lts  fo r  the tran sverse shear s tr e s s  d is tr ib u tio n  in  the reg ion  ( i i )  
are i l lu s t r a t e d  in  fig u re  (3 .1 4 ) .
3 .3 .5 .4 .  P o sitio n  o f N eutral Axis
The depth o f  n eutral ax is v a r ie s  with p o s it io n  along the span o f  the 
beam in  the region ( i i ) ,  s in ce  each lam inate i s  subjected  to a shear  
tra c tio n  on i t s  su r fa ce . The bending s tr e s s  i s  considered to  be zero 
at the neu tra l p o in t on the surface o f  the beam, so , then equation
(3 .39) g ives
The ca lcu la ted  r e s u lt s  fo r  the depth r a tio s  (^) 0 .0 8 7 , 0 .182  
and 0 .286 are shown in  fig u re  (3 .1 3 ) . In ad d ition , the r e s u lt s  o f  
a l l  th ese  equations o f  th is  Chapter (3) w i l l  be compared la te r  w ith  
the experim ental r e s u lt s  in  Chapter 4.
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FIGURE 3 .1  Single Bonding Layer Laminated Beam
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FIGURE 3 .3
Describing the Relationship Between Rotation, Shear, 
and Axial Deformation in a  Infinitesimal Element of 
th e  Single layer Laminated Connposite Beam.
Bending and Axial Deformation takes place in 
the Laminates.
Rotation and  Shear Deformation takes place in 
the Bonding Layer. Where *0* is the Central point
at which the Strain is neglected.
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FIGURE 3 .5  C onstan t External Bending Moment Mp
in the  Region(j)t Including their Interaction 
Forces and Bending Moments.
Interfacial Shear S tre ss  Is 2 .S  +T .c  = 0
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FIGURE 3 .6  N on-d im ensional In terfac ial Shear S tress[(d/W ).l]
Calculated From Equation (3-13); For a
Single- Bonding Layer L am inated  Cantilever Beam .
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FIGURE 3.11 Non-dimensional Interfacial Shear S t r e s s e s  in
two Regions (I) and  (II) ,  Calculated From
E q u a tio n s (3  .3 0 )a n d  (3 .37 ), For a S ingle-B onding
Layer Lam inated Four-Point Loading Model.
3 - 2 7
CD
O
-0 0CD—
OO
GO —
L - c m
Depth R a tio (y /d )  in each Laminate
r — i— i— 1— i— i— |— i— i— |— i— i— |— i— «— I 
0 0 .3  0 .6  0 .9  1.2 1 .5
Depth of Laminated Beam 
FIGURE 3 .1 2  N on-d im ensional Bending S tre ss  th rough  th e  depth
of each  Lam inate  in th e  Region (I) of th e  Four-Fbint 
Loading Model; Calculated From E quation(3.32).
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FIGURE 3 .1 2 A N on-d im ensional Bending S tre ss  through th e  depth
of each Laminate in th e  Region(j) of th e  Four-Point
Loading Model, Calculated From E quation (3 .32).
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FIGURE 3 .1 6  Non-dimensional Bending S t r e s s  [(d/W),6 x] a n d
Transverse Shear S t r e s s  [(d/W)Xxy] through the  depth  
in th e  Region (I I); Calculated From Equations(3.39) and 
(3.42); For a Single-Bonding Layer Laminated Four-Fbint
Loading M odel.
CHAPTER 4
EXPERIMENTAL WORK FOR SINGLE-BONDING LAYER MODELS
4 .1 .  Design and Manufacture o f  P h o to e la stic  Models
4 .1 .1 .  Dimensions used fo r  Single-L ayer Models
The d e ta iled  dimensions o f  a single-bon din g layer t e s t  model are given  
in  Figure ( 4 .1 ) .  S ty ca st CPC-41 (Urethane) and A ra ld ite  CT 200 mixed w ith  
HT 901 are the two p h o to e la s t ic  m ateria ls from which the models were made. 
The various th ick  lam inates were fab rica ted  from sh eets  o f  A ra ld ite  CT 200 + 
HT 901 and then two layers o f th e same th ick n ess were bonded togeth er  by 
an in terposed  bonding layer  o f S ty ca st CPC-41 , thus g iv in g  the various 
configu rations such as c /d  i s  equal to 0 .0 8 7 , 0 .182 and 0 .2 8 6 . These 
composite t e s t  models were l e f t  in  a storage oven a t e lev a ted  temperature 
u n t i l  required fo r  t e s t  in  order to avoid ex cessiv e  m oisture absorption .
4 .1 .2 .  The C asting, Curing and Annealing Procedure fo r  A ra ld ite  CT 200
The m ateria l chosen fo r  the p h o to e la st ic  m odels, epoxy r e s in  CT 200
(form erly known as A ra ld ite  B ), i s  a hot s e t t in g  ca stin g  r e s in  and i s  
used e x te n s iv e ly  fo r  th is  purpose because o f  i t s  good p h o to e la s t ic  
prop erties  and the r e la t iv e  ease w ith which i t  can be machined. The 
r es in  was supp lied  in  the form o f  yellow-brown sm all p la t e le t s  and 
the hardener HT 901 as a w hite powder. Four parts o f r e s in  A ra ld ite  CT 200 
by weight i s  heated to  a temperature 120°C, then one p art o f  hardener
HT 901 i s  added to the hot A ra ld ite  liq u id , th is  so lu tio n  i s  then
thoroughly mixed a t the same tem perature. Due to  the strong adhesion  
prop erties  o f  A ra ld ite , the mould must normally be heated w ith r e le a se  
agent added using a cotton  wool pad ( i . e .  R edeasil No. 14) which i s
applied  to the component su r fa ces . These parts are then l e f t  in  the oven
at a temperature 140°C fo r  h a lf  an hour and a fte r  coo lin g  to  ambient
tem perature, the parts o f  the mould are assembled.
Before c a stin g , the mould i s  preheated to  a temperature q f 120-C 
and then the mixture i s  poured slow ly  and c a re fu lly  to avoid a ir  
bubbles. The castin g  i s  cured fo r  16 hours a t 120°C a fte r  which the  
temperature i s  reduced to  room temperature a t  a ra te  o f  3°C per hour.
I t  i s  necessary  to  anneal the ca stin g  a f te r  i t  has been cured, the  
ca stin g  i s  p laced in  the oven and the temperature i s  ra ised  to  150°C a t  
a ra te  o f  20°C per hour. A fter reaching the maximum temperature, the  
la te r  i s  reduced to  room temperature a t the same r a te .
4 .1 .3 .  Casting o f  Single-Bonding Layer Models
A j ig  and f ix tu r e  used fo r  ca stin g  the t e s t  composite beam w ith  
constant depth and th ick n ess i s  i l lu s t r a t e d  in  Figure (4 .2 ) .  A ra ld ite  
CT 200 beams are held  apart a t th e  d esired  d istan ce  in  the j i g  and 
f ix tu r e  by two perspex sh e e ts , held  togeth er by screws. A stopper w ith  
a sm all h o le  bored in  the middle i s  p laced on one end o f  the beam and 
the other end i s  l e f t  open. Some S tycast CPC-41 mixture i s  drawn in  a 
syrin ge and the former then in to  the stopper h o le , The m ixture
i s  pushed in to  the mould, holding i t  v e r t ic a l ly ,  then the mould l e f t  
in  the room to  cure. A fter curing the beam, i t  can be r e lea sed  from the 
mould and l e f t  in  a storage oven u n t i l  required for t e s t .
4 .2 . The Loading System and T esting
In order to  apply fou r-p oin t bending to  the t e s t  model in  i t s  own 
plan e, a su ita b le  loading r ig  was constructed , i t  i s  i l lu s t r a t e d  in  
Figure (4 .3 ) .  There are two upper and lower parts o f  the loading r ig .
The ce.Ktte: part o f  the mo«ul i s  subjected  to the uniform bending moment, 
w h ils t  the lower part o f  the r ig  i s  subjected  to  bending w ith shear fo r c e .  
These two parts are i l lu s t r a t e d  in  Figures (4 .4 ) and (4 .5 ) r e s p e c t iv e ly .
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Each loading le v e r , denoted by "1", c o n s is ts  o f  two p a irs o f 'p la t e s ,  
denoted by "c” clamped one on each s id e  o f  th e lever  and t e s t  model by 
pins and b o lt s  through the loading h o le s , Each loading lin k  i s  su b ject  
to  the load (W /4). Equal and opposite  v e r t ic a l  forces to  each main 
h o r izo n ta l le v e r , can be applied  through the loading lin k s .
A fter removal o f  the model to be te s te d  from the storage over, 
approximately 2 0  minutes was allowed fo r  i t  to cool to  ambient temperature. 
I t  was then assembled w ith the upper and lower parts o f  the loading r ig  
and i t s  a sso c ia ted  p a rts . The complete assembly was suspended in  the 
standard p h o to e la st ic  s tr a in in g  frame. The v e r t ic a l  s t a t i c  load was 
applied by p u ttin g  16 lb w eight c en tr a lly  to  the main h o r izo n ta l lower 
lev er  and reacted  through the other l in k s . The system o f  fo rces and the  
r e su lt in g  bending moments are shown in  the Figure (4 .6 ) .
The applied  load was to  produce a maximum fr in g e  order a t  the t e s t  
se c t io n  o f  the model o f  3 to  6  w avelengths, w hile c a r e fu lly  ensuring  
th a t the model did n ot show sig n s o f  any lo c a l d isturbance, A fter a 
fu rth er  period  o f  30 minutes the p h o to e la st ic  readings were taken and 
the model returned to the storage oven u n t il  required again.
4 .3 . The O ptical System and P h o to e la stic  Observations
A conventional p o lariscop e was used fo r  the p h o to e la st ic  model 
a n a ly s is  o f  the single-bonding layer laminated composite beams. A 
diagram showing the d isp o s it io n  o f the o p t ic a l elem ents i s  shown in  
Figure (4 .7 ) .  The source o f l ig h t  i s  supp lied  by a high p ressu re , mercury 
vapour lamp o f power 250 w a tts , sh ie ld ed  by a d ie -c a s t  housing and cooled  
by convection . The l ig h t  rays emerge through an u ltr a  v io le t  f i l t e r  
and are brought to  a focus a t an I r is  diaphragm by a sm all le n s . A 
green f i l t e r  may be in terposed  at th is  po in t g iv in g  a reasonably mono­
chromatic green l ig h t  output o f mean wavelength i s  5461A®. A len s o f
8  inch fo c a l length  and 4 inch diam eter produces a beam o f co llim ated  
l ig h t  and a sh eet o f  tran slu cen t paper converts th is  to  d iffu sed  l ig h t .
This p asses in  turn through the p o la r is e r , the model, a quarter wave 
p la te  when required , and the analyser. The model i s  viewed through a 
tr a v e llin g  microscope f i t t e d  with a 9 inch fo c a l length  o b jec tiv e  and 
fo r  each observation  the cross-w ire  i s  brought in to  a p o s it io n  o f  no 
para llax  with the p o in t considered.
With the green f i l t e r  and the quarter wave p la te  removed and the  
p o la r ise r  and analyser crossed and coupled, the i s o c l in ic  parameter 
was noted a t each grid  p o in t, then with the p o lariscop e s e t  up fo r  the  
Senarmont method o f  measuring fr a c tio n a l fr in g e  orders, observations  
were made. The d e ta iled  r e s u lt s  w i l l  be mentioned in  the fo llo w in g  
s e c t io n s .
Nomenclature
I t  i s  necessary  to d efin e  the most important nomenclature which 
w il l  be used fo r  reversin g  loading as shown in  Figure (4 .8 ) .  The 
fo llow in g  nomenclature w i l l  be h e lp fu l to  e lim in ate  the i n i t i a l  s tr e s s e s  
in  the lam inated composite m odels.
a = Nj Cos 2 0  ^ a t  s ec tio n
Qg = a = Cos 2 ei  a t  s ec tio n
* t
cf£ = cr = Nj Cos 2 6  ^ a t  se c t io n  C^  - C^  /
 ^ t
a = N2  Cos 2 6 2  a t s e c t io n  - A2
2  t^  a = Cos 2 a t sec tio n  B_ - B0
± 2 2 2 2
°C2 = ^  °  -  N2  Cos 2 ©2 a t  sec tio n  ^  -  C2
a  average d iffe re n c e  = [aR - aR ] /2  a t the region (I) where the
1 2
uniform bending moment takes p la ce
GTj = [ - Og  ] /2  average d ifferen ce  at the region  ( I I )  where
the bending w ith shear force  takes p la c e .
°2 = £aC ”aA th is  cIuan't^‘t>r -^s id e n t ic a l w ith a  ^ s in ce
both sec tio n s  A - A and C - C are symmetrical
fo r  continuous bonding layer.
t  = Sin 2 B1 a t sec tio n  A^, -  A .^
2 t■£— t  = Sm  2  6 X a t sec tio n  - C .^
2 t  .qp— t  = N« Sm  2 at s e c t io n  A2  -  A^.
t  = N2  $ in  2  0 2  a t sec tio n  C2  -
average shear
fo r  symmetrical s e c t io n s .
average shear
4 .4 . A nalysis o f  Test Data
4 .4 .1 .  E lim ination o f  I n i t ia l  S tresses  by Reversing the Loading on the  
Model.
Three sec tio n s  were se le c te d  in  the fou r-p o in t bending fo r  p h o to e la s t ic  
a n a ly s is  namely, sec tio n s  A^  - A^, and as i l lu s t r a t e d  in
Figure (4 .8 a ) . The sec tio n  B^  - B^  i s  at th e centre o f  the composite 
model, where the uniform bending moment takes p la ce . W hilst the two 
other se c tio n s  A^  -  A^  and are in  the two symmetrical regions
where th e bending moment takes p lace with shear fo rce . In the experim ental 
a n a ly sis  three models (with c /d  i s  equal to  0 .0 8 7 , 0.182 and 0 .286) were 
used. In order to  determine the e f f e c t  o f such geom etrical r a t io  on the  
behaviour o f  the model under a given loading con d ition .
Edge s tr e s se s  developed in  each model during manufacture. S im ilar  
edge s tr e s s  magnitudes were observed before and a fte r  applied  load to  the  
t e s t  model. Therefore i t  was suggested th a t the e f f e c t  o f  th ese  i n i t i a l  
s tr e s s e s  should be elim inated  by taking the p h o to e la st ic  readings in  two 
d if fe r e n t  d ir e c tio n s  such as forward d ir e c tio n  and reverse  d ir e c t io n . In
other words the experim ental readings in  each sec tio n  o f  the model
( i . e .  AjAj , BjBj and C^C )^ in  one loading d ir e c tio n  were obtained. 
In th is  loading d ir e c t io n , the d is tr ib u tio n  o f  isochrom atics and
is o c l in ic s  through the depth o f  each lam inate are expressed as a
fu n ction  o f
ax = Cos 2 0 ^ (4 .1 )
and
(4 .2 )
fo r  each s e c t io n , where t  i s  the th ick n ess o f  the model, f  i s  the s tr e s s
i s o c l in ic  angle o f  a .
A fter th is  stage  the model was disassem bled and re la ted  through 
180° degree and then reassem bled. Another s e t  o f  r e s u lt s  was obtained  
in  each s e c t io n  o f the model ( i . e .  ^ ^ 2 ’ ^2 ^ 2  anc* ^2 ^2  ^ so ca^^ec  ^
the reverse loading d irec tio n  as shown in  Figure (4 .8 b ). The d is tr ib u tio n  
o f  isochrom atics and i s o c l in ic s  through the depth o f each lam inate are 
expressed as fu n ction s o f:
fo r  each s e c t io n . .
Subsequently the bottom readings o f the reverse  d ir e c tio n  were 
subtracted  from the top readings o f  the forward d ir e c t io n , and the f in a l
and ^in 2 0  ^ -  N2  Sin 2 ©2 ) ,  in  order to  e lim in ate  i n i t i a l  s tr e s s e s
by reversin g  the loading on the model.
P h o to e la stic  observations were made o f i s o c l in ic  angles and fr a c t io n a l
*
isochrom atic fr in g e  number by the Senarmont method at the various se c t io n s
o p tic  c o e f f ic ie n t ,  i s  the isochrom atic fr in g e  number and 0  ^ i s  the
T  ax  = N 2  CoS 2  ®2 (4 .3 )
and
(4 .4 )
average was obtained in  each sec tio n  such as j(N^ Cos 2 0  ^ - ^  Cos 2 ©2 ) 
J 1 „ T , ..................................
o f each t e s t  model. These measurements were taken a t the corresponding 
p o in ts  in  each sec tio n  o f  the a x is  o f  symmetry in  order to  improve the 
accuracy o f  th e  a n a ly s is .
4 .4 .2 .  E valuation o f  the S tress  Components
4 .4 .2 .1 .  Bending S tresses  in  the Region (I) Constant Bending Moment 
The i s o c l in ic  angles and fr a c tio n a l isochrom atic fr in g e  number have
been measured fo r  th e sec tio n  B^  - B.^  in  th e Region (i) in  which there
i s  uniform bending, fo r  three c a se s , i . e .  c /d  i s  equal to  0 .0 8 7 , 0 .182
and 0 .2 8 6 . The r e s u lt s  fo r  the bending s tr e s s e s  are shown in  Figures
(4 .1 3 ) , (4 .14) and (4 .1 5 ) . The d is tr ib u tio n  o f  bending s tr e s se s  through
the depth o f  each lam inate o f the composite model expressed as a 
1
fu n ction  o f (N  ^ Cos 2 ©^  - ^  Cos 2 ©2 ) i s  p lo tted  ag a in st depth o f  each
la y er . Since i t  i s  n ot p o ss ib le  to  take any readings in  the reg ion  o f
the bonding layer  m a ter ia l, th is  can only produce the shear s tr e s s e s  a t  
the in te r fa c e s . The corresponding fig u res  are shown in  the fo llow in g  
pages. In a d d itio n , the n eutral a x is  i s  not in  the middle o f  the layer
but i t  i s  c lo se r  to  the cen tra l a x is . I t  i s  observed th at the in t e r fa c ia l
shear s tr e s s  has some f i n i t e  va lu e . In add ition  to that the measured 
r e s u lt s  are tabulated  in  the resp ec tiv e  ta b le s .
4 .4 .2 .2 .  Shear S tre sse s  in  the Region (II) Bending with Shear Force 
S im ila r ly , the i s o c l in ic  angles and fr a c tio n a l isochrom atic fr in g e
number have been measured for the two symmetrical s e c tio n s  A^A  ^ and C^ C^  
in  the Region ( i i )  where bending w ith shear force  takes p la ce . The 
observations are tab u lated  in  the resp ec tiv e  t a b le s . The d is tr ib u tio n  o f  
bending s tr e s se s  through the depth o f  each lam inate o f  the com posite beam 
corresponding to each sec tio n  i s  shown in  fig u res  (4 .1 0 ) , (4 .11) and (4 .1 2 ) .
Likewise the d is tr ib u tio n  o f  shear s tr e s se s  through the depth o f  
each lam inate as a fu n ction  o f  (N  ^ Sin 2  0  ^ -  ^  Sin 2 6 2 ) i s  shown
in  fig u re s  (4 .1 0 ) , (4 .11) and (4 .1 2 ) , in  the region (II)  w ith shear
fo r c e . I t  i s  observed th a t the shear s tr e s s  i s  not zero but has some
n eu tra l a x is  i s  not in  the centre o f  each layer  but i t  i s  c lo se r  to  the 
cen tra l a x is .
4 .4 .3 .  D e fin it io n  o f  the B asic S tress  D istr ib u tio n s
The b a s ic  s tr e s s  d is tr ib u tio n s  r e la te  to  the bending s tr e s s  a t  the 
surface o f  the lam inate o f  the composite beam subjected  to a uniform  
bending moment in  the Region ( I ) ,  and the transverse shear s tr e s s  in  the 
laminate o f  the model subjected  to a bending w ith shear fo rce  in  the 
Region ( i i ) .  A diagram showing the q u a n tit ie s  involved  i s  g iven  in  
Figure (4 .9 ) .
I t  was p ostu la ted  th a t  the surface bending s tr e s s  d is tr ib u t io n  in  
each la te r  as shown in  Figure (4.9b) i s  expressed by the fo llow in g  
lin ea r  r e la t io n sh ip
where a  ^ and b^ are constant co rre la tio n  fa c to rs  which can be ca lcu la ted  
from the experim ental data po in ts by the le a s t  squares method. With the
f i n i t e  value a t  the in te r fa c e s . I t  i s  a lso  found th at the p o s it io n  o f
Nf fcrx = —  Cos 2 6 = -  (ax x + b ^ (4 .5 )
same constants the case o f  uniform bending s tr e s s  in  the Region (II)
g iv es
(4 .6 )
The sim ple a lgeb ra ic  expression  fo r  the bending s tr e s s  i s
The bending moment M1 in  the Region (I) i s  expressed by
(4 .7 )
I td?
and the a x ia l fo rce  a t the n eu tra l axis o f  each lam inate in  the  
Region (I) i s  defin ed  by
f
T. = a . Area = a  . d . t  = — [a 1 x + b _ ] . d . t  (4 .9 )
X X X c  1  X
From equation (A.2 2 ) , the uniform bending moment i s
Mq = 2 M1 + (d + c ) .  Tx (4 .10)
From equations ( 4 .5 ) ,  ( 4 .6 ) ,  ( 4 .7 ) ,  (4 .8 ) ,  (4 .9 ) and (4 .10) i s  
d 3fl  d2Mq = -  ax -g -1  + (ai § -  + b1 .d )(d  + c) • (4 .11)
•  •
In the Region ( I I ) ,  the applied  load i s  defined  by
j =  2 t  £d xx y . dx + t .  c . t  (4 .12)
where the tran sverse  shear s tr e s s  i s  denoted by t and the in te r fa c e
xy
shear s tr e s s  i s  denoted by t , the tran sverse shear s tr e s s  i s  g iven  in  the  
equation ( 4 .4 ) ,  but h ere, the b a s ic  lin e a r  r e la t io n sh ip  i s  g iven  by
T N2£2 „■ ,  „ f 2‘xy 2t~~ Sin 2 ®2 = 2 t (a2 x2 + b2 x) (4 - 13)
which g iv es  the p r o f i le  o f the parabolic  ‘d is tr ib u tio n . The other part
o f  the equation (4 .12) i s  defined  by
f ,
x = - ^  (a2 .d 2 + b2 .d) (4 .14 )
The combination o f  equations (4 .1 2 ) ,  (4 .13) and (4 .14) g iv e s  the  
fo llow in g  f in a l  r e s u lt  fo r  the applied load  
W _ j: r rd3 '. c .d 2. L , ,d2 , c .d - , i
Y  -  f 2  f a2 3^”   ^ 2 ^ ~  “IT*^ (4 .15)
The o p t ic a l p rop erties o f  the A ra ld ite  CT 200 + HT 901 can be determined
through the above equations by using the experim ental data and a lso  the
other parameters such as bending moment, a x ia l force  and in t e r fa c ia l
shear s tr e s s  in  the s in g le  bonding layer laminated composite beam can
be obtained.
4 .4 .4 .  C alibration  o f  P h o to e la stic  M aterials
S ince a^, a^b], ^2 are ^n0WT1 ^rom ca lib ra tio n  t e s t  fo r  both
the uniform bending moment and bending w ith shear fo r c e , the value o f
and f 2  can be determined from equations (4 .11) and (4 .15 ) fo r  
the A ra ld ite  CT 200 p lu s HT 901. For example, using the fo llow in g  
s e t s  o f  data obtained from one model for  a p a r ticu la r  c a se , where the 
depth r a t io  (c /d ) i s  equal to  0 .0 8 7 , load applied W = 16 lb f ,  length  
of t e s t  s ec tio n  L^  = 3 .5 ” , a^ = - 5 .753 , b^ = 2 .3 1 4 , ^  -  -1 .8 4 6 , 
b2  = 1.389 and d = 0 .7 1 8 7 5 " . The value o f  the o p t ic a l s tr e s s  c o e f f ic ie n t  
( f  = 57 lb f / i n 2/ f r in g e / in )  fo r  th e A ra ld ite  CT200 + HT 901, i s  obtained  
from the above s e t s  o f  data and i s  used in  the r e sp e c tiv e  equations.
4 .4 .5 .  N orm alisation o f  P h o to e la stic  Observation
In a sim ple c a lib r a tio n  experim ent, th e average isochrom atic  
fr in g e  number (N) i s  obtained a t the surface or edge o f  the lam inate.
The surface s tr e s s  i s  reduced from the b a sic  p h o to e la st ic  d e f in it io n
N * £  ( Aa = (4 .16)
The e f f e c t  o f  i n i t i a l  s tr e s s  can be elim inated  by using the equations  
(4 .1 ) ,  (4 .3 ) and (4 .16) thus
o / a = (Nx Cos 2 e -  N2 Cos 2 e2)/N  (4 .17)
S im ila r ly , fo r  the shear s t r e s s ,  the e f f e c t  o f  edge s tr e s s  can be 
elim inated  by using  the equations ( 4 .2 ) ,  (4 .4 ) and (4 .16) g iv es
t x y / o  = (Nx Sin 2 61 - N2 Sin 2 e ^ /N  (4 .18)
Thus w ith the knowledge o f ( f ) and ( t ) , the required va lu e  o f  the  
surface s tr e s s  may be obtained from the average value o f  the fr in g e  
order. For a m odel, whose depth r a t io  (c /d ) i s  0 .0 8 7 , the o p t ic a l  
p rop erties o f  a given m ateria l i s  57 lb f / i n f r i n g e / i n ,  t  = 0 .71875” 
and average fr in g e  order N = 2 .3 1 , then from equation (4 .16 ) i s  
t = 184 lb  f / i n 2 .
4 .5 .  S t a t i s t ic a l  Method for  Analysing and In terpreting  the Experimental 
R esu lts .
At each stage in  the determ ination o f  r e s u lt s  from the experim ental
data , i t  i s  a d v isab le , wherever appropriate, to  use methods o f  
reduction  which tend to increase  the r e l i a b i l i t y  and provide checks on 
the order o f  accuracy and which avoid the in trod uction  o f  spurious 
e f f e c t s  due to the su b jec tiv e  in c o n s is te n c ie s  or mathematical procedures 
which are p o te n t ia lly  i l l - c o n d it io n e d . Thus, fo r  the determ ination o f  
b o u n d a r y o f  isochrom atic fr in g e  number _
. , the technique o f  curve f i t t in g  was adopted.
I n i t ia l l y  the separation  o f  values o f  constant co rre la tio n  fa c to r s  
(a) and (b) fo r  each region  fo r  each model geometry was attempted using  
the data from the uniform bending moment t e s t  region  and from the bending 
with shear t e s t  reg ion . However, r e a lis in g  th a t th is  in crea ses  the 
p o s s ib i l i t y  o f  s c a t te r , the technique was adopted o f  using  le a s t  
squares, s tr a ig h t  l in e  and parabolic  p r o f i le  f i t s  to the data from 
severa l bending loading ca se s . Apart from the in crease  in  r e l i a b i l i t y  
r e su lt in g  from the much larger population o f  read ings, th is  gave the  
advantages o f v e r if ic a t io n  o f  the lin e a r  r e la t io n sh ip  between independent 
v a r ia b le  X and expected value o f dependent v a r ia b le  Y in  the form o f  
a s tr a ig h t  l in e  and the form o f a parabolic  p r o f i le .  Using the  
s t a t i s t i c a l  method based on the curve f i t t in g  procedure, (summarised in  
Appendix C), i t  was pred icted  in  gen era l, th a t fo r  a p r o b a b ility  o f  95% 
the s c a t te r  bands fo r  the p rec is io n  o f  values o f  (a) and (b) con stan ts  
given by the s tr a ig h t l in e  and parabola p r o f i le  f i t s  are approxim ately  
± 2% and ±4% , r e s p e c t iv e ly . In the fo llow in g  sec tio n  the accuracy o f  
the maximum values obtained fo r  the b a s ic  s tr e s s e s  w i l l  be fu rth er  
j u s t i f i e d  by demonstrating th e ir  co rre la tio n  w ith v a r ia tio n s  in  the  
depth r a t io s  (c /d ) 0 .0 8 7 , 0 .182 and 0 .286 .
4 .5 .1 .  Sample C alcu lation
There are various s t a t i s t i c a l  methods fo r  analysing and in te r p r e tin g
the experim ental r e s u l t s .  The method o f  le a s t  squares i s  one o f  
thein, i s  a method o f  computing a curve in  such a way
th at i t  minimizes the error o f the f i t  a t  the experim ental data p o in ts . 
The measurement corresponding to  the value x^ i s  denoted by y^. For 
example x^ i s  the depth o f  the s in g le  bonding layer laminated composite 
beam, and y^ i s  v a r ia b le  dependent on the depth o f  each lam inate. I t  
i s  worthwhile to  e s ta b lis h  . a d e f in ite  fu n ction a l r e la tio n sh ip  between 
independent v a r ia b le  x and the expected value o f dependent v a r ia b le  y 
in  the form o f  two equations one fo r  the s tr a ig h t l in e  and the other  
equation fo r  the parabola.
From Appendix C, two equations can be rew ritten  for:  
the s tr a ig h t l in e
y = a^ x + b  ^
and fo r  the p arabolic  p r o f i le  • •
y = a2 x 2 + b2 x 2 
where constant co rre la tio n  fa c to rs  are represented by
a , =
nEx.y.Ex. -  ly .E x.E x. 
1 ' 1  1  ' i l l
* nEx.Ex? - Ex.Ex.Ex.
1 1  i l l
and Zy.Zx? - Ex.y.E x .
,  l  l  l  l  lb =  ------------------------------------------------
nEx? - Ex.Ex. 
l  1 1
a lso  Ex? y.Ex? -E x.y.E x?
i ' l l  i '  l  la = -----------------:---- ;-----------
Ex^Ex? - Zx?Zx?
1 1  1 1
and Ex? y . Ex? - Ex.y.Ex*t
k  _  i  '  l  l ____________ i '  l  l
2 Ex?Zx? - Ex?Ex^
1 1  1 1
A ll the c a lcu la tio n s  required in  using  the foregoing procedure to  
obtain  s tr a ig h t  l in e  and parabola p r o f i le  were carried  out by means o f  
a d ig i t a l  computer using a sim ple program.
Since the problem i s  sym m etrical, s ix te en  experim ental data p o in ts  
are considered fo r  c /d  = 0 .0 8 7 . This problem i s  d iv ided  in to  two
•  •  *  •
Regions (I )  and ( I I ) .  For the Region (I )  where the uniform  bending moment
takes p la c e , the computing curve fo r  the s tr a ig h t l in e  i s  drawn in  th at
region  and the ca lcu la ted  r e s u lt s  are tabulated in  the Table (4 .1 ) .
•  •
For Region (II)  where the bending w ith shear force  takes p la c e , two 
computed curves one fo r  the s tr a ig h t  l in e  and one for the p arab olic  
p r o f i le  are drawn in .t h a t  region  and the ca lcu la ted  r e s u lt s  are tabulated
in  Tables (4 .2 ) and (4 .3 ) .
\
4 .6 . D iscu ssion  o f  R esults
P h o to e la stic  measurements were obtained in  order to  in v e s t ig a te  the  
v a l id it y  o f  a sim ple e la s t i c  so lu tio n  for  a s in g le  bonding la y er  laminated  
composite beam subjected  to  fo u r-p o in t bending. The experim ental work 
was carried  out on the t e s t  models having the same geometry as was 
assumed in  the sim ple th e o r e tic a l a n a ly s is . Figure (4 .10) shows the  
bending and transverse shear s tr e s s  d is tr ib u tio n s  through the depth o f  
each lam inate fo r  the depth r a t io .( c /d )  0 .0 8 7 , as pred icted  by the e la s t i c  
so lu tio n . This i s  a lso  shown in  Figures (4 .11) and (4 .1 2 ) , where the  
s tr e s s  d is tr ib u tio n s  o f  a s in g le - la y e r  model are shown fo r  the depth 
r a t io s  (c/dO 0.182 and 0 .286 . The v a r ia tio n  in  such depth r a t io s  does 
not a f f e c t  the behaviour o f  the com posite. In gen era l, the experim ental 
and a n a ly t ic a l s tr e s s  d is tr ib u tio n s  agree c lo se ly .
I t  should be noted th at the bonding layer  ca rr ies  con siderab le  shear 
s t r e s s .  I t  i s  evident th a t the presence o f  th is  layer  causes a shear  
s tr e s s  pattern  in  the homogeneous and iso tr o p ic  beams. The s tr e s s e s  in  
the low-modulus m ateria l layer  are predominantly in t e r fa c ia l  shear.
The average s tr e s s  value in  the lam inate from the experim ental 
(184 lb f / i n 2) and the th e o r e t ic a l (257 lb f / i n 2) a n a ly s is  fo r  the reg ion  
(I) where the uniform bending moment takes p lace  i s  obtained. There 
i s  a reasonable agreement o f the order o f  28% d ifferen ce  between the
two r e s u lt s .  However, th ere i s  an o v era ll marked d ifferen ce  between 
the experim ental r e s u lt s  and the r e s u lt s  which were obtained from the 
simple e la s t i c  so lu t io n .
Moreover, i t  i s  ev id ent th at each lam inate behaves as an is o tr o p ic  
beam. These lam inates were separated by the bonding la y er . Each lam inate 
ca rr ie s  a bending and transverse shear s tr e s s  d is tr ib u tio n . The value o f  
the maximum transverse shear s tr e s s  i s  a t le a s t  6 .7  tim es the shear s tr e s s  
in  the bonding la y er . However, the shear s tr e s s  a t the in te r fa c e  has a 
f i n i t e  v a lu e . Furthermore the p o s it io n  o f  the neutral a x is  i s  o f f - s e t  
from the centre o f  the lam inate and i t  i s  co in c id en t w ith the maximum 
value o f  shear s t r e s s .  The in t e r fa c ia l  shear s tr e s s  a lso  changes the  
value o f  the bending s tr e s s  at the contact surfaces which i s  norm ally  
le s s  than the boundary s t r e s s .  Further shear mechanisms w i l l  be 
developed and d iscu ssed  in  the fo llow in g  chapters.
Table No. 4 . 1 .  For a S in g le-B on d in g  Layer Laminated Beam,
Symmetrical R esults for  h a lf  s e c t io n .
The depth r a tio  c /d  i s  0 .087
S tra igh t l in e  i s  drawn in  the reg ion  (I) where uniform bending moment 
takes p la c e .
S. No. x.
i yi X ?1 x .y .n / i
1 0 .00 -2 .31 0.000 0 .000
• 2 0 .05 -2 .0 3 0.002 -0 .101
3 0 .10 -1 .74 0.010 -0 .174
4 0 .15 -1 .45 0.022 -0 .217
5 0 .20 -1.165 0.040 -0 .233
6 0.25 -0.875 0.063 -0 .219
7 0 .30 -0585 0.090 -0 .175
8 0 .35 -0 .300 0.122 -0 .105
9 0 .40 -0.005 0.160 -0 .002
10 0.45 +0.270 0.202 +0.121
11 0.50 +0.560 0.250 +0.280
12 0.55 +0.850 0.302 +0.467
13 0 .60 +1.140 0.360 +0.684
14 0 .65 +1.420 0.422 +0.923
15 0 .70 +1.715 0.490 +1.200
16 0.719 +1.825 0.517 +1.312
15.969 -S2.680 13.054 S3.761
ca lcu la ted r e s u lt s
a i  ■= -5 .753
iti•H 5.753 x . + 2.314
l
b 1 = +2.314
*t-XD
Table No. 4 .2 .  For a Single-Bonding Layer Laminated Beam 
Symmetrical R esults fo r  h a lf  sec tio n  
The depth r a t io  c /d  i s  0 .087
S tra ig h t l in e  i s  drawn in  the region  (II) where bending w ith shear  
force  takes p la c e .
S. No. Xi  . r± X ?i x .y .i Ji
1 0 .0 0 -1 .140 0.000 0.000
• 2 0 .05 -1 .005 0.002 -0 .050
3 0 .1 0 -0 .867 0.010 -0 .087
4 0 .15 -0 .722 0.022 -0 .108
5 0 .2 0 -0 .570 0.040 -0 .114
6 0 .25 -0.445 0.063 -0 .111
7 0 .3 0 -0 .296 0.090 -0 .089
8 0 .35 -0 .160 0.122 -0 .056
9 0 .40 -0 .026 0.160 -0 .010
10 0.45 +0.120 0.202 +0.054
11 0 .50 +0.255 0.250 +0.127
12 0.55 +0.400 0.302 +0.220
13 0 .60 +0.535 0.360 +0.321
14 0 .65 +0.678 0.422 +0.441
15 0 .70 +0.818 0.490 +0.573
16 0.719 +0.870 0.517 +0.626
15.969 - E l .555 E3.054 E l .736
C alculated R esults
a1 = - 2 .798
y. = - 2.798 x . + 1.141l  l
b1 = + 1.141
Table No. 4 .3 . For a Single-Bonding Layer Laminated Beam 
Symmetrical R esults fo r  h a lf  s e c t io n .
The depth r a t io  c /d  i s  0.087
Parabola p r o f i le  i s  drawn in  the reg ion  ( i i )  where bending with  
shear force  takes p la c e .
S. No. X . y< X ?
l J i l
1 0 .00 0 . 0 0 0 0 . 0 0 0
2 0 .05 0.028 0.002
3 0 .10 0.094 0.010
4 0.15 0.108 0.022
5 0 .20 0.155 0.040
6 0.25 0.171 0.063
7 0 .30 0.193 0.090
8 0.35 0.203 0.122
9 0 .40 0.199 0.160
10 0.45 0.173 0.202
11 0.50 0.166 0.250
12 0.55 0.154 0.302
13 0 .60 0.137 0.360
14 0.65 0.087 0.422
15 0.70 0.060 0.490
16 0.719 0.025 0.518
X.3l x l^ x .y .i J l x?y. i  i
0 . 0 0 0 0 . 0 0 0  • 0 . 0 0 0 0 . 0 0 0
0 . 0 0 0 0 . 0 0 0 0.003 0 . 0 0 0
0.001 0 . 0 0 0 0.012 0.001
0.003 0.001 0.024 0.004
0.008 0.002 0.036 0.007
0.016 0.004 0.053 0.013
0.027 0.008 0.074 0.022
0 .043 0.015 0.090 0.032
0.064 0.026 0.096 0.038
0.091 0.041 0.119 0.054
0.125 0.063 0.131 0.065
0.166 0.092 0.134 0.074
0.216 0.130 0.113 0.068
0.275 0.179 0 .073 0.047
0.343 0.240 0 .038 0.026
0.373 0.269 0.017 0.012
13.054 E l .751 Z1.067 11.013 Z0.464
C alculated r e su lts
a2 = - 1.S46
y. = - 1.846 x? + 1.389 .x?l  l  l
b2 = + 1.389
Table No. 4.14. P h o to e la s t ic  Measurements on a S ing le-B on d in g
Layer Laminated Composite Beam 
S ta t ic  Load Applied 161b f
Reading P o sitio n  At sec tio n s  A^ A^  and C^ C^  as shown in  Figure (4 .8 )
The depth r a t io  0 .087 Bonding layer i s  continuous in  order to
m aintain the symmetry.
S. No. Depth o f  N^  fo r  A^ A^  0  ^ fo r  A-jA^  N^  fo r  C^ C^  0  ^ for  CjC^
Beam 6 6 Inches Fringe order I s o c l in ic  L Fringe order I s o c l in ic  L
1 0 1.210 90° 1.210 90°
2 0 .05 1.070 89° 1.07 89°
3 0 .10 0.940 87° 0.940 87°
4 0 .15 0.800 85° 0.800 85°
5 0 .20 0.670 83° 0.670 83°
6 0.25 0.540 80° 0.540 80°
7 0 .30 0.440 74° 0.440 74°
8 0 .35 0.330 67° 0.330 67°
9 0 .40 0.250 56° 0.250 56°
10 0 .45 0.290 40° ‘ 0.290 40°
11 0.50 0.320 28° 0.320 28°
12 0.55 0.420 19° 0.420 19°
13 0 .60 0.510 13° 0.510 13°
14 0.65 0.620 8° 0.620 8°
15 0 .70 0.740 3° 0.740 3°
16 0.72 0.800 0 .5 ° 0.800 0 .5 °
17 0.78 0.940 89° 0.940 89°
18 0.80 0.900 89° 0.900 89°
19 0.85 0.760 88° 0.760 88°
20 0.90 0.630 83° 0.630 83°
21 0.95 0.520 77° 0.520 77°
22 1.00 0.420 71° 0.420 71°
23 1.05 0.310 64° 0.310 64°
24 1.10 0.250 50° 0.250 50°
25 1.15 0.290 36° 0.290 36°
26 1.20 0.340 25° 0.340 25°
27 1.25 0.450 16° 0 .450 16°
28 1.30 0.530 11° 0.530 11°
29 1.35 0.680 8° 0.680 8°
30 1.40 0.810 5° 0.810 5°
31 1.45 0.940 2° 0.940 2°
32 1.50 1.070 0° 1.070 0°
Table No. 4 . 5 .  P h o to e la s t ic  Measurements on a S ingle-B ond ing
Layer Laminated Composite Beam 
S t a t ic  Load Applied 161b f
Reading P o sitio n  At S ections A2A2  and C2C2 as shown in  Figure (4 .8 )
The depth r a t io  0 .087 , Bonding Layer i s  continuous in  order to
m aintain the symmetry
No. Depth o f  
Beam N2 fo r  A2A2 62 f0r  A2A2
N2 for C2C2 ®2 fo r  C2C2
Inches Fringe order I s o c l in ic  L Fringe order I s o c l in ic  L*
1 0 1.210 90° 1.210 90°
2 0 .05 1.070 89° 1.070 89°
3 0 .10 0.940 87° 0.940 87°
4 0 .15 0.800 85° 0.800 85°
5 0 .20 0.670 83° 0.670 83°
6 0 .25 0.540 80° 0.540 80°
7 0 .30 0.440 74° 0.440 74°
8 0 .35 0.330 67° 0.330 67°
9 0 .40 0.250 56° 0.250 56°
10 0 .45 0.290 40° 0.290 40°
11 0 .50 0 .320 28° 0.320 28°
12 0.55 0.420 19° 0.420 19°
13 0 .60 0.510 13° 0.510 13°
14 0 .65 0.620 8° 0.620 8°
15 0 .70 0.740 3° 0.740 3°
16 0.720 0.800 0 .5 ° 0.800 0 .5 °
17 0 .78 0.940 89° 0.940 89°
18 0 .80 0.900 89° 0.900 89°
19 0 .85 0.760 88° 0.760 88°
20 0.90 0.630 83° 0.630 83°
21 0.95 0.520 77° 0.520 77°
22 1.00 0 .420 71° 0.420 71°
23 1.05 0 .310 64° 0.310 64°
24 1.10 0.250 50° 0.250 50°
25 1.15 0.290 36° 0.290 36°
26 1.20 0.340 25° 0.340 25°
27 1.25 0.450 16° 0.450 16°
28 1.30 0.530 11° 0.530 11°
29 1.35 0.680 8° 0.680 8°
30 1.40 0.810 5° 0.810 5°
31 1.45 0.940 2° 0.940 2°
32 1.50 1.070 0° 1.070 0°
Table No. 4 .6 . P h o to e la stic  Measurements on a Single-Bonding Layer 
Laminated Composite Beam
R eferring to  the nomenclature and a lso  to the fig u re  (4 .8 )
■ °r[oA '  
Qq ] /2  
2
0i = l 0c ;
°A ] /2
The depth r a t io  i s  0 .0 8 7 .
No. Depth o f
Beam
Inches
a AA1 a c 2
1 0 -1 .210 +1.070
2 0 .05 -1 .0 7 0 +0.940
3 0 .10 -0 .935 +0.798
4 0 .15 -0 .7 9 0 +0.654
5 0 .20 -0 .650 +0.490
6 0 .25 -0 .5 1 0 +0.380
7 0 .30 -0 .373 +0.219
8 0 .35 -0 .2 3 0 +0.090
9 0 .4 0 -0 .094 -0.043
10 0.45 +0.05 -0 .190
11 0 .50 +0.179 -0 .331
12 0 .55 +0.330 -0 .4 7 0
13 0 .60 +0.460 -0 .6 1 0
14 0.65 +0.596 -0 .760
15 0.70 +0.736 -0 .900
16 0.72 +0.800 -0 .940
17 0 .78 -0 .940 +0.800
18 0.80 -0 .900 +0.736
19 0.85 -0 .760 +0.596
20 0 .90 -0 .610 +0.460
21 0 .95 -0 .470 +0.330
22 1.00 -0 .331 +0.179
23 1.05 -0 .1 9 0 +0.050
24 1.10 -0 .0 4 3 -0 .094
25 1.15 +0.090 -0 .230
26 1.20 +0.219 -0 .373
27 1.25 +0.380 -0 .510
28 1.30 +0.490 -0 .650
29 1.35 +0.654 -0 .790
30 1.40 +0.798 -0 .935
31 1.45 +0.940 -1 .070
32 1.50 +1.070 -1 .210
-1 .140 -1 .210 +1.070 -1 .1 4
-1 .005 -1 .070 +0.940 -1 .005
-0.867 -0 .935 +0.798 -0 .867
-0 .722 -0 .7 9 0 +0.654 -0 .722
-0 .570 -0 .650 +0.490 -0 .570
-0 .445 -0 .510 +0.380 -0 .445
-0.296 -0.373 +0.219 -0 .296
-0 .160 -0 .2 3 0 +0.090 -0 .1 6 0
-0 .026 -0 .094 -0 .0 4 3 -0 .0 2 6
+0.120 +0.05 -0 .1 9 0 +0.120
+0.255 +0.179 -0 .1 3 3 +0.255
+0.400 +0.330 -0 .470 +0.400
+0.535 +0.460 -0 .6 1 0 +0.535
+0.678 +0.596 -0 .760 +0.678
+0.818 +0.736 -0 .900 +0.818
+0.870 +0.800 -0 .940 +0.870
-0 .870 -0 .940 +0.800 -0 .870
-0 .818 -0 .900 +0.736 -0 .818
-0.678 -0 .760 +0.596 -0 .678
-0.535 -0 .610 +0.460 -0 .535
-0 .400 -0 .470 +0.330 -0 .4 0 0
-0 .255 -0 .331 +0.179 -0 .255
-0 .120 -0 .190 +0.050 -0 .1 2 0
+0.026 -0 .043 -0 .0 9 4 +0.026
+0.160 +0.090 -0 .2 3 0 +0.160
+0.296 +0.219 -0 .3 7 3 +0.296
+0.445 +0.380 -0 .5 1 0 +0.445
+0.570 +0.490 -0 .6 5 0 +0.570
+0.722 +0.654 -0 .7 9 0 +0.722
+0.867 +0.798 -0 .9 3 5 +0.867
+1.005 +0.940 -1 .0 7 0 +1.005
+1.140 +1.070 -1 .2 1 0 +1.140
Table No. 4 . 7 .  P h o to e la s t ic  Measurements on a S ingle-B onding Layer
' \
Laminated Composite Beam
R eferring to  the nomenclature and a lso  the Figure (4 .8 )  
The depth r a t io  i s  0 .087
No. Depth o f V Tc„ Tc1 TA0 t2= [t<Beam 1 2 1 1. 2
Inches TC 3/2 
2
Ta 1 /  
2
1 0 .00 0 0 0 0 0 0
2 0 .05 0.040 0.066 0.053 0.040 0.066 0.053
3 0 .10 0.098 0.141 0.120 0.098 0.141 0 .120
4 0 .1 5 0.139 0.187 0.163 0.139 0.187 0.163
5 0 .2 0 0.162 0.199 0.181 0.162 0.199 0.181
6 0 .2 5 0.185 0.238 0.212 0.185 0.238 0.212
7 0 .3 0 0.233 0.260 0.247 0.233 0.260 0 .247
8 0 .35 0.240 0.276 0.258 0.240 0.276 0.258
9 0 .4 0 0.232 0.246 0.239 0.232 0.246 0.239
10 0.45 0.286 0.244 0.265 0.286 0.244 0.265
11 0 .50 0.265 0.259 0.262 0.265 0.259 0.262
12 0.55 0.259 0.288 0.244 0.259 0 .288 0.244
13 0.60 0.224 0.152 0.188 0.224 0.152 0 .188
14 0.65 0.171 0.053 0.112 0.171 0.053 0.112
15 0 .70 0.077 0.031 0.054 0-077 0.031 0.054
16 0 .72 0.014 0.033 0.024 0.014 0.033 0.024
17 0 .7 8 0.033 0.014 0.024 0.033 0.014 0 .024
18 0 .80 0.031 0.077 0.054 0.031 0.077 0.054
19 0 .85 0.053 0.171 0.112 0.053 0.171 0.112
20 0 .90 0.152 0.224 0.188 0.152 0.224 0 .188
21 0 .95 0.228 0.259 0.244 0.228 0.259 0 .244
22 1.00 0.259 0.265 0.262 0.259 0.265 0.262
23 1.05 0.244 0.286 0.265 0.244 0.286 0 .265
24 1.10 0.246 0.232 0.239 0.246 0.232 0.239
25 1.15 0.276 0.240 0.258 0.276 0 .240 0 .258
26 1 .20 0.260 0.233 0.247 0.260 0.233 0 .247
27 1.25 0.238 0.185 0.212 0.238 0.185 0.212
28 1.30 0.199 0.162 0.181 0.199 0.162 0.181
29 1.35 0.187 0.139 0.163 0.187 0.139 0.163
30 1.40 0.141 0.098 0.120 0.141 0.098 0 .120
31 1.45 0.066 0.040 0.053 0.066 0.040 0.053
32 1.50 0 0 0 0 0 0
Table No. 4 .8  P h o to e la s t ic  Measurements on a S ingle-B ond ing Layer
Laminated Composite Beam 
S ta t ic  Load Applied 161b f
Reading P o sitio n  At Section s A^ A^  and as shown in  Figure (4 .8 )
The depth r a tio  i s  0 .182
No. Depth o f  
Beam
N^  fo r  AjA^ 0  ^ fo r  AjA^ N^  for 0  ^ fo r
Inches Fringe order I s o c l in ic  Le Fringe order I s o c l in ic  Le
1 0 1.510 90° 1.510 90°
2 0.05 1.330 89° 1.330 89°
3 0 .10 1.150 87° 1.150 87°
4 0.15 0 .960 85° 0.960 85°
5 0 .20 0.820 80° 0.820 80°
6 0.25 0.650 76° 0.650 76°
7 0.30 0.510 70° 0.510 70°
8 0.35 0.380 60° 0.380 60°
9 0 .40 0 .230 44° 0.230 44°
10 0.45 0.340 29° 0.340 29°
11 0 .50 0.450 17° 0.450 17°
12 0 .55 0.610 12° 0.610 12°
13 0.60 0.770 7° 0.770 7°
14 0.65 0.930 3° 0.930 3°
15 0.6875 1.090 1° 1.090 1°
16 0.8125 1.220 89° 1.220 89°
17 0.85 1.090 88° 1.090 88°
18 0 .90 0.910 86° 0.910 86°
19 0 .95 0.740 85° 0.740 85°
20 1.00 0.590 78° 0.590 78°
21 1.05 0.470 71° 0.470 71°
22 1.10 0.350 60° 0.350 60°
23 1.15 0.230 46° 0.230 46°
24 1.20 0.340 28° 0.340 28°
25 1.25 0.450 17° 0.450 17°
26 1.30 0.590 10° 0.590 10°
27 1.35 0.740 5° 0.740 5°
28 1.40 0.910 3° 0.910 3°
29 1.45 1.090 1° 1.090 1°
30 1.50 1.270 0 1.270 0
Table No. 4 .9 .  P h o to e la s t ic  Measurements on a S ingle-B ond ing Layer
Laminated Composite Beam 
S t a t ic  Load Applied 161b £
Reading P os it ion  At Sections ^ 2 ^ 2  ^2^2 ^  s^own Fig111,6 (4*^)
The depth r a t io  i s  0.182
S. No. Depth o f
Beam
Inches
N2 fo r  A2A2 
Fringe order
®2 £° r  A2A2
0
I s o c l in i c  L
N2 for  C2C2 
Fringe order
02 fo r  C2C2
• 6 I s o c l in i c  L
• 1 0 .0 1.510 90° 1.510 90°
2 0 .05 1.330 89° 1.330 89°
3 0 .10 1.150 87° 1.150 87°
4 0.15 0.960 85° 0.960 85°
5 0 .20 0.820 80° 0.820 80°
6 0.25 0.650 76° 0.650 76°
7 0 .30 0.510 70° 0.510 70°
8 0 .35 0.380 70° 0.380 60°
9 0 .40 0.230 44° 0.230 44°
10 0.45 0.340 29° 0.340 29°
11 0.50 0.450 17° 0.450 17°
12 0.55 0.610 12° 0.610 12°
13 0 .60 0.770 ‘ 7 ° 0.770 7°
14 0.65 0.930 3° 0.930 3°
15 0.6875 1.090 1° 1.090 1°
16 0.8125 1.220 89° 1.220 89°
17 0.85 1.090 88° 1.090 88°
18 0 .90 0.910 86° 0.910 86°
19 0.95 0.740 85° 0.740 85°
20 1.00 0.590 78° 0.590 78°
21 1.05 0.470 71° 0.470 71°
22 1.10 0.350 60° 0.350 60°
23 1.15 0.230 46° 0.230 46°
24 1.20 0.340 28° 0.340 28°
25 1.25 0.450 17° 0.450 17°
26 1.30 0.590 10° 0.590 10°
27 1.35 0.740 5° 0.740 5°
28 1.40 0.910 3° 0.910 3°
29 1.45 1.090 1° 1.090 1°
30 1.50 1.270 0° 1.270 0°
Table No. 4 .1 0 . P h o to e la s t ic  Measurements on a S ingle-B ond ing
Layer Laminated Composite Beam
Referring to  the nomenclature and a lso  to the f ig u re  (4 .8 )
The depth r a t io  i s  0.182
No. Depth o f  
Beam % a c 2 ai =[aAl- arL1 aA2
Inches cr ] / 2
2
c,r—iO
1 0 .0 -1 .510 +1.270 -1 .390 -1 .510 +1,270 -1 .390
2 0 .5 -1 .329 +1.090 -1 .210 -1 .329 -1 .090 -1 .210
3 0.10 -1 .144 +0.910 -1.027 -1.144 +0.910 -1 .027
4 0.15 -0 .946 +0.729 -0 .840 -0.946 +0.729 -0 .840
5 0.20 -0 .771 +0.550 -0.661 -0.771 +0.550 -0.661
6 0.25 -0 .574 +0.374 -0.474 -0.574 +0.374 -0 .474
7 0 .30 -0 .391 +0.190 -0.291 -0.391 +0.190 -0 .291
8 0.35 -0 .190 -0 .008 -0.091 -0 .190 -0 .008 -0 .091
9 0.40 +0.008 -0.175 +0.092 +0.008 -0 .175 +0.092
10 0.45 +0.180 -0 .370 +0.275 +0.180 -0 .370 +0.275
11 0 .50 +0.374 -0.539 +0.457 +0.374 -0539 +0.457
12 0~55 +0.558 -0.730 +0,644 *0.558 -0 .7 3 0 +0.644
13 0.60 +0,747 -0 .901 +0.824 +0.747 -0 .901 +0.824
14 0.65 +0.925 -1 .090 +1.010 +0.925 -1 .090 +1.010
15 0.6875 +1.089 -1 .220 ° 1 .155 °1.089 -1 .220 +1.155
16 0.8125 -1 .220 +1.089 -1 .155 -1 .220 +1.089 -1 .155
17 0.85 -1 .090 +0.925 -1 .010 -1 .090 +0.925 -1 .0 1 0
18 0 .90 -0 .901 ° 0 .747 -0 .824 -0 .901 +0.747 -0 .8 2 4
19 0.95 -0 .730 +0.558 -0.644 -0 .730 +0.558 -0 .644
20 1.00 -0 .539 +0.374 -0.457 -0.539 +0.374 -0 .457
21 1.05 -0 .370 +0.180 -0 .275 -0 .370 +0.180 -0 .2 7 5
22 1.10 -0 .175 +0.008 -0.092 -0 .175 +0.008 -0 .092
23 1.15 -0 .008 -0 .190 +0.091 -0 .008 -0 .190 +0.091
24 1.20 +0.190 -0 .391 +0.291 +0.190 -0 .391 +0.291
25 1.25 +0.374 -0 .574 +0.474 +0.374 -0 .5 7 4 +0.474
26 1.30 +0.550 -0.771 +0.661 +0.550 -0 .771 +0.661
27 1.35 +0.729 -0 .946 +0.840 0.729 -0 .946 +0.840
28 1.40 +0.910 -1.144 +1,027 +0.910 -1 .144 +1.027
29 1.45 +1.090 -1.329 +1.210 +1.090 -1 .329 +1.210
30 1.50 +1.270 -1.510 +1.390 +1.270 -1 .510 +1.390
Table No. 4 .11 . P h o to e la st ic  Measurements on a Single-Bonding
* . t
Layer Laminated Composite Beam
Referring to the nomenclature and a lso  to the Figure (4 .8 )
The depth r a t io  i s  0 .182 .
.No. Depth of
Beam
Inches
Tc
2 ti =Eta . +
Tc V 2
Tc 
L1 • V t 2= [ t <
ta J/; 2
1 0 .00 0 0 0 0 0 0
2 0 .05 0.047 0.040 0.044 0.047 0.040 0.044
3 0 .10 0.121 0.100 0.111 0.121 0.100 0.111
4 0.15 0.167 0.129 0.148 0.167 0.129 0.148
5 0 .20 0.280 0.202 0.241 0.280 0.202 0.241
6 0 .25 0.306 0.252 0.279 0.306 0.252 0.279
7 0 .30 0.328 0.282 0.305 0.328 0.282 0.305
8 0.35 0.329 0.230 0.280 0.329 0.230 0.280
9 0 .40 0.230 0.303 0.270 0.230 0.303 0.270
10 0 .45 0.288 0.290 0.290 0.288 0.290 0.290
11 0 .50 0.252 0.240 0.250 0.252 0.240 0.250
12 0.55 0.250 0.129 O’. 190 0.250 0.129 0.190
13 0 .60 0.186 0.127 0.157 0.186 0.127 0.157
14 0.65 0.098 0.076 0.087 0.098 0.076 0.087
15 0.6875 0.038 0.043 0.041 0.038 0.043 0.041
16 0.8125 0.043 0.038 0.041 0.043 0.038 0.041
17 0.850 0.076 0.098 0.087 0.076 0.098 0.087
18 0.90 0.127 0.186 0.157 0.127 0.186 0.157
19 0.95 0.129 0.250 0.190 0.129 0.250 0.190
20 1.00 0.240 0.252 0.250 0.240 0.252 0.250
21 1.05 0.290 0.288 0.290 0.290 0.288 0.290
22 1.10 0.303 0.230 0.270 0.303 0.230 0.270
23 1.15 0.230 0.329 0.280 0.230 0.329 0.280
24 1.20 0.282 0.328 0.305 0.282 0.328 0.305
25 1.25 0.252 0.306 0.279 0.252 0.306 0.279
26 1.30 0.202 0.280 0.241 0.202 0.280 0.241
27 1.35 0.129 0.167 0.148 0.129 0.167 0.148
28 1.40 0.100 0.121 0.111 0.100 0.121 0.111
29 1.45 0.040 0.047 0.044 0.040 0.047 0.044
30 1.50 0 0 0 0 0 0
Table No. 4 .1 2  P h o to e la s t ic  Measurements on a S ing le-B on d in g  Layer
Laminated Composite Beam 
S ta t ic  Load Applied 161b f
Reading P o s it io n  At S ections  A^ A^  and as shown in  Figure (4 .8)
The depth r a t io  i s  0.286
S. No. Depth o f  N^  fo r  A^ A^  0  ^ for  A^ A^  N^  for  6  ^ for
Beam
Inches Fringe order I s o c l in i c  Le Fringe order I s o c l in i c  Le
1 0 1.20 90° 1.20 90°
2 0 .05 1.03 89° 1.03 89°
3 0 .10 0.86 88° 0 .86 88°
4 0.15 0.71 86° 0.71 86°
5 0 .20 0 .55 82° 0.55 82°
6 0.25 0.42 75° 0.42 75°
7 0.30 0 .28 68° 0 .28 68°
8 0.35 0 .18 51° 0 .18 51°
9 0.40 0.28 32.5° 0 .28 32 .5°
10 0.45 0.37 20° 0 .37 20°
11 0.50 0 .50 13° 0 .50 13°
12 0.55 0 .64 .6 .5 ° 0.64 6 .5°
13 0 .60 0.78 3.5° 0 .78 3.5°
14 0.65625 0.94 1° 0 .94 1°
15 ' 0.84375 1.20 89° 1.20 89°
16 0 .90 0.99 88° 0.99 88°
17 0.95 0.820 84° 0.82 84°
18 1.00 0.660 79° 0.66 79°
19 1.05 0 .50 73.5° 0.50 73.5°
20 1.10 0 .39 64° 0 .39 64°
21 1.15 0.23 50° 0.23 50°
22 1.20 0 .26 27° 0.26 27°
23 1.25 0 .38 15° 0 .38 15°
24 1.30 0.55 10° 0.55 10°
25 1.35 0 .73 5° 0.73 5°
26 1.40 0 .92 3 .5° 0.92 3 .5°
27 1.45 1.09 2° 1.09 2°
28 1.50 1.29 0° 1.29 0°
Table No. 4 .1 3 P h o to e la s t ic  Measurements on a S ingle-B ond ing
Layer Laminated Composite Beam 
S t a t ic  Load Applied 161b f
Reading P o s it io n  At Sections 2^^ *2 as s^own Fig111,6 (4« 8)
The depth r a t io  i s  0 .286 .
S. No. Depth o f
Beam
Inches
N2 for  A2A2 
Fringe order
6 2  for  A2 A2  N2  for  C2 C2  ©2 ^or ^2^2
0 '  0 
I s o c l in i c  L Fringe order I s o c l in i c  L
1 0 1.20 90° 1.20 90°
2 0.05 1.03 89° 1.03 89°
3 0 .10 0.86 88° 0.86 88°
4 0.15 0.71 86° 0.71 86°
5 0.20 0.55 82° 0.55 82°
6 0.25 0.42 75° 0 .42 75°
7 0.30 0.28 68° 0.28 68°
8 0.35 0.18 51° 0 .18 51°
9 0.40 0 .28 32.5° 0.28 32.5°
10 0.45 0 .37 20° 0.37 20°
11 0.50 0 .50 13° 0 .50 13°
12 0.55 0.64 6 .5° 0.64 6 .5 °
13 0.60 0 .78 3 .5° 0 .78 3 .5 °
14 0.65625 0.94 * 1 ° 0.94 1°
15 0.84375 1.20 89° 1.20 89°
16 0 .90 0.99 88° 0.99 88°
17 0.95 0.820 84° 0.820 84°
18 1.00 0.66 79° 0.66 79°
19 1.05 0.50 73.5° 0.50 73.5°
20 1.10 0.39 64° 0.39 64°
21 1.15 0.23 50° 0.23 50°
22 1.20 0.26 27° 0 .26 27°
23 1.25 0 .38 15° 0.38 15°
24 1.30 0.55 10° 0.55 10°
25 1.35 0.73 5° 0.73 5°
26 1.40 0.92 3 .5° 0.92 3 .5 °
27 1.45 1.09 2° 1.09 2°
28 1.50 1.29 0° 1.29 0°
Table No. 4 .1 4 .  P h o to e la s t ic  Measurements on a S ing le-B ond ing
Layer Laminated Composite Beam
Referring to the nomenclature and a lso  to  the Figure (4 .8 )
The depth r a t io  i s  0 .286 .
No. Depth o f
Beam
Inches
ac 2 ° r [aA1‘
ac ] /2  
2
aC • aA2 °2=[°C
aA2
1 0 -1 .2 0 +1.290 -1.245 -1 .20 +1.290 -1.245
2 0.05 -1 .030 +1.090 -1 .06 -1 .030 +1.090 -1 .06
3 0.10 -0 .86 +0.91 -0.885 10.860 +0.91 -0 .885
4 0.15 -0 .703 +0.72 -0.712 -0 .703 +0.72 -0.712
5 0 .20 -0 .530 +0.520 -0 .525 -0 .530 +0.52 -0 .525
6 0.25 -0.369 +0.330 -0 .350 -0.369 +0.33 -0 .350
7 0.30 -0.201 +0.153 -0.177 -0.201 +0.153 -0.177
8 0.35 0.04 +0.040 -0 .040 -0.04 +0.04 -0 .040
9 0.40 +0.120 -0 .24 -0 .180 +0.120 -0 .24 +0.180
10 0.45 +0.28 -0 .42 +0.350 +0.28 -0 .4 2 +0.350
11 0.50 +0.450 -0 .61 +0.530 +0.45 -0 .61 +0.530
12 0.55 +0.620 -0 .8 0 +0.710 +0.620 -0 .8 0 +0.710
13 0.60 +0.770 -0 .99 +0.880 +0.770 -0 .99 +0.880
14 0.65625 +0.940 -1 .20 +1.070 +0.940 -1 .2 0 +1.070
15 0.84375 -1 .20 +0.94 -1.070 -1 .20 +0.94 -1 .070
16 0.90 -0 .990 +0.779 -0 .88 10.99 +0.779 -0 .880
17 0.95 -0 .8 0 +0.620 -0 .71 10.80 +0.620 -0 .71
18 1.00 -0 .61 +0.450 -0 .53 -0 .61 +0.450 -0 .53
19 1.05 -0 .42 +0.28 10.35 -0 .4 2 +0.28 -0 .3 5
20 ' 1.10 -0 .24 +0.120 -0 .18 10.24 +0.120 -0 .1 8
21 1.15 +0.040 -0.040 +0.04 +0.040 -0 .04 +0.04
22 1.20 +0.153 -0.201 +0.177 +0.153 -0 .201 +0.177
23 1.25 +0.330 -0 .360 +0.350 +0.330 -0 .360 +0.35
24 1.30 +0.520 -0 .530 +0.525 +0.520 -0 .5 3 0 +0.525
25 1.35 +0.720 -0 .703 +0.712 +0.720 -0 .703 +0.712
26 1.40 +0.910 -0 .862 +0.885 +0.910 -0 .862 +0.885
27 1.45 +1.090 -1 .03o +1.06 +1.090 -1 .030 +1.06
28 1.50 +1,290 -1 .2 0 +1.245 +1.290 -1 .2 0 +1.245
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Table No. 4 .1 5  P h o to e la s t ic  Measurements on a S ingle-B onding
Layer Laminated 
Referring to  the nomenclature and 
The depth r a t io  i s  0 .286
No. Depth o f
Beam
Inches
TC2
1 0 0 0
2 0 .05 0.036 0.076
3 0 .10 0.060 0.112
4 0.15 0.099 0.127
5 0 .20 0.152 0.188
6 0 .25 0.210 0.190
7 0 .30 0.195 0.210
8 0 .35 0.176 0.227
9 0 .40 0.254 0.307
10 0.45 0.238 0.272
11 0 .50 0.220 0.247
12 0 .55 0.144 0.170
13 0 .60 0.095 0.069
14 0.65625 0.033 0.042
15 0.84375 0.042 0.033
16 0 .90 0.069 0.095
17 0 .95 0.170 0.144
18 1.00 0.247 0.220
19 1.05 0.272 0.238
20 1.10 0.307 0.254
21 1.15 0.227 0.176
22 1.20 0.210 0.195
23 1.25 0.190 0.210
24 1.30 0.188 0.152
25 1.35 0.127 0.099
26 1.40 0.112 0.060
27 1.45 0.076 0.036
28 1.50 0 0
Composite Beam
a lso  to the Figure (4 .8 )
1—
1
i—*
+ Tc
1
V [TI
ta
J / 2 • 2
0 0 0 0
0.056 0.036 0.076 0.056
0.086 0.060 0.112 0.086
0.113 0.099 0.127 0.113
0.170 0.152 0.188 0.170
0.200 0.210 0.190 0.200
0.203 0.195 0.210 0.203
0.202 0.176 0.227 0.202
0.281 0.254 0.307 0.281
0.255 0.238 0.272 0.255
0.234 0.220 0.247 0.234
0.157 0.144 0.170 0.157
01082 0.095 0.069 0.082
0.038 0.033 0.042 0.038
0.038 0.042 0.033 0.038
0.082 0.069 0.095 0.082
0.157 0.170 0.144 0.157
0.234 0.247 0.220 0.234
0.255 0.272 0.238 0.255
0.281 0.307 0.254 0.281
0.202 0.227 0.176 0.202
0.203 0.210 0.195 0.203
0.200 0.190 0.210 0.200
0.170 0.188 0.152 0.170
0.113 0.127 0.099 0.113
0.086 0.112 0.060 0.086
0.056 0.076 0.036 0.056
0 0 0 0
Table No. 4 .1 6 .  P h o to e la s t ic  Measurements on a S ingle-B ond ing
Layer Laminated Composite Beam.
S t a t ic  Load Applied 161b f . .
Reading P o s it io n  At Sections B^ B^  and B2 B2  as shown in
Figure ( 4 .8 ) .
The depth r a t io  i s 0.087
S. No. Depth o f Section  B.
-  B1Beam \T
Inches N1 61 "Bl
1 0 2.54 90° -2 .54
2 0.05 2.23 90° -2 .23
3 0.10 1.93 90° -1 .93
4 0.15 1.63 90° -1 .63
5 0.20 1.32 90° -1 .32
6 0.25 1.00 90° -1 .00
7 0 .30 0.70 90° -0 .70
8 0.35 0 .40 90° -0 .40
* 9 0.40 0 .08 90° -0 .08
10 0.45 0.20 0° +0.20
11 0.50 0 .50 0° +0.50
12 0.55 0.83 0° +0.83
13 0 .60 1.13 0° +1.13
14 0.65 1.42 0° +1.42
15 0.70 1.73 0° +1.73
16 0.71875 1.85 0° +1.85
17 0.78125 1.80 90° -1 .80
18 0 .80 1.70 90° -1 .70
‘ 19 0.85 1.42 90° -1 .42
20 0.90 1.15 90° -1 .15
21 0.95 0 .87 90° -0 .87
22 1.00 0.62 90° -0 .62
23 1.05 0.34 90° -0 .34
24 1.10 0 .07 90° -0 .07
25 1.15 0 .20 0° +0.20
26 1.20 0.47 0° +0.47
27 1.25 0.75 0° +0.75
28 1.30 1.01 0° +1.01
29 1.35 1.27 0° +1.27
30 1.40 1.55 0° +1.55
31 1.45 1.83 0° +1.83
32 1.50 2.08 0° +2.08
Section  B2 - B2 a=£QB i“aB2 - ^
n2 02 R^
2
2.08 0° +2.08 -2 .310
1.83 0° +1.83 -2 .030
1.55 0° +1.55 -1 .740
1.27 0° +1.27 -1 .440
1.01 0° + 1.01 -1.165
0.75 0° +0.75 -0.875
0 .47 0° +0.47 -0.585
0.20 0° +0.20 -0 .300
0 .07 90° -0 .07 -0.005
0.34 .90° -0 .34 +0.270
0.62 90° -0 .62 +0.560
0 .87 90° -0 .87 +0.850
1.15 90° -1 .1 5 +1.140
1.420 90° -1 .42 +1.420
1.70 90° -1 .70 +1.715
1.80 90° -1 .80 +1.825
1.85 0° +1.85 -1.825
1.73 0° +1.73 -1.715
1.42 0° +1.42 -1 .420
1.13 0° +1.13 -1 .140
0.83 0° +0.83 -0 .850
0 .50 0° +0.50 -0 .560
0.20 0° +0.20 -0 .270
0.08 90° -0 .0 8 +0.005
0.40 90° -0 .4 0 +0.300
0 .70 90° -0 .70 +0.585
1.00 90° -1 .00 +0.875
1.32 90° -1 .32 +1.165
1.63 90° -1 .63 +1.450
1.93 90° -1 .93 +1.740
2.23 90° -2 .23 +2.030
2.54 90° -2 .54 +2.310
Table No. 4 .1 7  P h o to e la s t ic  Measurements on a S in g le-B on d in g
Layer Laminated Composite Beam 
S t a t ic  Load Applied 161b f
Reading P osit ion  At Sections ^B^ ^2^2 as s^own
Figure (4. 3).
The depth ra t io  i s  0.182
S. No. Depth o f Section B - B
Beam
Inches N1 01 %
1 0 2.85 90° -2 .85
2 0.05 2.48 90° -2 .4 8
3 0 .10 2.13 90° -2 .13
4 0.15 1.75 90° “1.75
5 0.20 1.38 90° “1.38
6 0.25 1.03 90° -1 .03
* 7 0 .30 0.65 90° “0.65
8 0.35 0.29 90° -0 .29
9 0 .40 0 .08 0° +0.08
10 0.45 0.45 0° +0.45
11 0.50 0.71 0° +0.71
12 0.55 1.19 0° +1.19
13 0.60 1.54 0° +1.54
14 0 .65 1.93 0° +1.93
15 0.6875 2.20 0° +2.20
16 0.8125 2.30 90° “2.30
‘ 17 0.85 2.05 90° -2 .05
18 0 .90 1.70 90° -1 .7 0
19 0.95 1.36 90° -1 .36
20 1.00 1.00 90° -1 .0 0
21 1.05 0.66 90° -0 .66
22 1.10 0.31 90° -0 .31
23 1.15 0.03 0° +0.03
24 1.20 0.35 0° +0.35
25 1.25 0 .70 0° +0.70
26 1.30 1.05 0° +1.05
27 1.35 1.40 0° +1.40
28 1.40 1.75 0° +1.75
29 1.45 2.09 0° +2.09
30 1.50 2.43 0° +2.43
Section a=taB ”aB
N2 02 aR2
2.43 0° +2.43 -2 .640
2.09 0° +2.09 -2.285
1.75 0° ° 1 . 75 -1 .940
1.40 0° +1.40 “1.575
1.05 0° +1.05 -1 .215
0.70 0° +0.70 -0 .865
0.35 0° +0.35 -0 .500
0.03 . 0° +0.03 -0 .160
0.31 90° “0 .31 +0.195
0.66 90° -0 .6 6 +0.555
1.00 90° “1.00 +0.855
1 :-36 90° “1.36 +1.275
1.70 90° “1.70 +1.620
2.05 90° -2 .0 5 +1.990
2.30 90° -2 .3 0 +2.250
2.20 0° +2.20 -2 .250
1.93 0° +1.93 -1 .990
1.54 0° +1.54 -1 .620
1.19 0° +1.19 -1 .275
0.71 0° +0.71 -0 .855
0.45 0° +0.45 -0 .555
0.08 0° +0.08 -0 .195
0.29 90° “0 .29 +0.160
0.65 90° -0 .6 5 +0.500
1.03 90° -1 .0 3 +0.865
1.38 90° “1.38 +1.215
-1.75 90° -1 .7 5 +1.575
2.13 90° “2.13 +1.940
2.48 90° “2 .48 +2.285
2.85 90° -2 .8 5 +2.640
Table No. 4 .1 8  P h o to e la s t ic  Measurements on a S ingle-B onding
Layer Laminated Beam
S t a t ic  Load Applied 
Reading P osit ion
161b £
At Sections and B2 B2  as shown in
Figure (4 .8)
The depth r a t io  i s 0.286
No. Depth of'
Beam
Inches
Sections B^  
N1 61
'  B1 
°Bl
Sections B2  
N2 °2
- B2 a=[cB]; .
1 0 2.92 90° -2 .92 2.87 0° +2.87 -2 .895
2 0.05 2.53 90° -2 .53  • 2.47 0° +2.47 -2 .505
3 0.10 2.13 90° -2 .13 2.05 0° +2.05 -2 .090
4 0.15 1.73 90° -1 .73 1.63 0° +1.63 -1 .680
5 0.20 1.33 90° -1 .33 1.23 0° +1.23 -1 .280
6 0.25 0.91 90° -0 .91 0.79 • 0° +0.79 -0..850
7 0.30 0.50 90° -0 .50 0.35 0° +0.35 -0 .425
8 0.35 0 .08 90° -0 .08 0 .03 90° -0 .03 -0 .025
9 0.40 0 .30 0° +0.30 0.41 90° -0 .41 +0.355
10 0.45 0.72 0° +0.72 0.87 90° -0 .8 7 +0.795
11 0.50 1.12 0° +1.12 1.30 90° -1 .3 0 +1.210
12 0.55 1.52 0° +1.52 1.73 90° -1 .73 +1.625
13 0.60 1.92 0° +1.92 2.16 90° -2 .1 6 +2.040
14 0.65625 2.41 0° +2.41 2.64 90° -2 .64 +2.545
15 0.84375 2.64 90° -2 .64 2.41 0° -2 .41 -2 .525
16 0.90 2.16 90° -2 .16 1.92 0° -1 .92 -2 .040
17 0.95 1.73 90° -1 .73 1.52 0° + 1.52 -1 .625
18 1.00 1.30 90° -1 .3 0 1.12 0° +1.12 -1 .210
19 1.05 0 .87 90° -0 .87 0.72 0° +0.72 -0 .795
20 1.10 0.41 90° -0 .41 0 .30 0° +0.30 -0.355
21 1.15 0.03 90° -0 .03 0.08 90° -0 .08 +0.025
22 1.20 0.35 0° +0.35 0.50 90° -0 .50 +0.425
23 1.25 0.79 0° +0.79 0.91 90° -0 .91 +0.850
24 1.30 1.23 0° +1.23 1.33 90° -1 .33 +1.280
25 1.35 1.63 0° +1.63 1.73 90° -1 .73  • - - +1.680
26 1.40 - 2 .05 0° +2.05 2.13 90° -2 .13 +2.090
27 1.45 2.47 0° +2.47 2.53 90° -2 .53 +2.505
28 1.50 2.87 0° +2.87 2.92 90° -2 .92 +2.895
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CHAPTER 5
THEORETICAL ANALYSIS FOR A THREE BONDING LAYER
5 .1 .  Introduction
The problem o f  the plane s t r e s s e s  at the in ter fa ce  was solved in
the previous chapters. The e l a s t i c  bending method was adopted
for  determination o f  .the shear s t r e s s  d is tr ib u tion s..  The so lu t io n  o f  
th i s  problem i s  concerned with a s in g le  bonding la y er .  A three  
bonding layer  laminated beam i s  considered. I t  can be expected that  
the in t e r fa c ia l  shear strength and load transfer  mechanism w i l l  be 
influenced by the f i n i t e  number o f  la y e r s .  The present chapter w i l l  
be concerned with an e l a s t i c  so lu t io n  to th is  problem. A simple 
ca n t i lev e r  beam model w i l l  be employed in order to determine an 
appropriate value for  the applied load in individual lam inates. The 
values are important in  designing experimental loading r i g s .
On the b a s is  o f  the previous chapter (3 ) ,  a simple so lu t io n  for
the shear mechanism i s  developed. This so lu t io n  y ie ld s  the in t e r f a c ia l  
shear s tr e s s e s  and other parameters, such as the a x ia l  force  and the 
bending moment in each laminate. The th eo r e t ic a l  r e s u l t s  w i l l  be 
discussed in  d e t a i l ,  when a comparison can be made with experimental 
r e s u l t s .
Model Arrangement
The co-ordinate system for  the undeformed symmetrical beam and 
i t s  geometric parameters are presented in f igu re  ( 5 .1 ) .  The cross  
sec t io n  o f  t h i s  beam i s  assumed to be a rec ta n g le .  This p a r t icu la r  
model i s  adopted s in ce  the boundary conditions are known. Therefore 
i t  i s  easy to so lve  the problem o f  the interlaminar shear s t r e s s e s  in  
the laminate, when i t  i s  subjected to a combined fo r c e .
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Nomenclature
Most o f  the important nomenclature i s  given in the s ec t io n  
( 3 .1 .4 ) .
©  and ©  r e fe r  to laminates (a) and ©  r e sp e c t iv e ly .
Subscript
a t h is  subscript des ignates  q u a n tit ie s  perta in ing to
the laminate (a)
b th is  subscript des ignates  q u a n tit ie s  perta in ing  to
the laminate ©
5 .2 .  C antilever with Transverse End Load
5 .2 .1 .  Derivation o f  Governing Equilibrium Equations
Referring to f igu re  ( 5 .2 ) ,  which in d ica tes  the sign conventions  
used for  forces  and bending moments, the fo llow ing equilibrium  
equations can be w ritten  for  a ty p ica l  element o f  the laminate ©  : 
The condition  o f  long itud ina l force equilibrium for  the bonding 
layer i s
dTa
3x Tb + Ta = 0
The condition  o f  bending moment equilibrium for  the laminate ©
i s
dM  A
a + V + S a = °  C5 -2>
I t  i s  assumed that the laminate ©  behave as an e l a s t i c  beam, so 
that the moment-curvature r e la t io n sh ip  i s
d2V„ M a a
dx2
EX (5 .3)
where El = E .d;12 r e f e r s  to  the f le x u r a l r i g i d i t y  o f  th e lam inate ©
S im ila r ly ,  from f ig u re  ( 5 .3 ) ,  the fo llow ing equilibrium  equations  
for  the laminate (F) can be w r itten  as:
The condition o f  lon g itu d in a l force equilibrium i s
dTt
dx = Tb = ° (5 .4 )
and the condition  o f  bending moment equilibrium i s .
^  d <,■ dbT - 1  ■ Tb + Sb = 0 (5-5;)
On the b a s is  o f  the previous equation ( 5 .3 ) ,  the moment-curvature
re la t io n sh ip  for  the laminate ©  i s
d2Vt
dx
\
El (5 .6)
•/The fo llow ing  com p atib ility  conditions are assumed for  the present three- 
layered model,
El
El
d dV
dx'
d2 __a
dx2
ddV.
= El
= El
dx3
b CT d3V dM
" EI —  = d3Tdx;
dzV.
dx2
b =EX
dx2 >
Ma = %  = M
d V £
dT
dVj
dx
dV
dx
v = V, = V a b
( 5 . 7 )
From figu re  ( 5 .4 ) ,  the in terna l reactionary transverse shear force  
equilibrium  equation for  the three layered beam i s  obtained; th a t  i s
2 .  S  + 2 .  Si  +  C .  t  +  2 . C . T ,  =  W a b a  b (5 .8 )
From equations ( 5 .2 ) ,  ( 5 .5 ) ,  (5 .7 ) and ( 5 .8 ) ,  the condit ion  o f  
bending moment equilibrium  for  the composite beam i s
The longitud inal shear displacement i s  r e la ted  to the transverse  
displacement o f  the laminate ©  and shear s tr a in  o f  the bonding 
la y er ,  i t  i s  i l lu s t r a t e d  in the f igu re  ( 5 .5 ) ,  and g ives the fo llow ing  
a x ia l  shear displacement re la t io n sh ip :  
dV
(d +c)- H5T - 2 -ua = t -  Ta ' C5 -10)
S im ila r ly ,  the deformation shape i s  i l lu s t r a t e d  in  the f ig u re  ( 5 .6 ) ,
the shear displacement re la t io n sh ip  for the laminate ©  i s  expressed by:
(5.11)
The s t r e s s - s t r a in  re la t io n sh ip  for  the laminate @  i s :
dVb( d + c )  • a j —  +  u a  -  u b  =  j . .  Tb
dx
d2U
dx2
T
E.d
dT
E.d * dx E.d
(5.12)
S im ila r ly ,  the s t r e s s - s t r a in  r e la t io n sh ip  for  the laminate ©  
i s  given by
dub
dx E .d 
d2Ub 1 dTb
dx2 E.d * HF E.d b
(5.13)
In the deformation p o s it io n  o f  the three layered composite beam, 
the a x ia l  shear displacement r e la t io n sh ip  between the two laminates  
@  and ©  i s  derived using the two s im ila r  tr ia n g les  0 0^ and 
0 0^ 0^, as i l lu s t r a t e d  in  the f igu re  ( 5 .7 ) ,
ub = [3(d+C) 4- Ua = 3-Ua CS.14)
Hence equations. (5.12) and (5.13) become
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and
Tk = 3 .T 
d  a
3
Tb = T 'Ta
(5 .1 5 )
Su b stitu tion  o f  equation (5.15) in to  equation (5 .9) y ie ld s
d3V _ 12_ dM _ 10(d+c) 3JV
dx3 E .d 3’ ^  E .d3 b E.d
um iu(.a j ■ ,  >^.w rq
H5r- —  * V ~ r 7 7  C5*16)
Su b stitu tion  o f  equations ( 5 .7 ) ,  (5 .15) and (5.16) in to  equation (5 .2 )  
gives
c 2d -  5c . W f z  ,
a = -----5----- Tb + T C5 -17)
S im ilar ly , su b s t itu t io n  o f  equations (5 .7 ) ,  (5 .15) and (5 .16) in to
equation (5 .5 )  g ives
c W 2d + 5c rc  ,
Sb = T - • ■— 6------  -Tb (5 ’ 18^
The boundary conditions w i l l  be considered for  the case o f  the 
c a n t i lev e r  beam, in order to obtain  the value for the transverse  
shear fo r c es .  At the f ix ed  end o f  the composite beam, where x = o, 
xa = o and = o, equations (5 .17) and (5.18) become
S a = S b = T  (5 .19)
D if fe r e n t ia t in g  equation (5.11) twice with resp ect  to  x g ives
d3V, .2 „ d2x,
(d+c). +   (U - UJ = ~  .    (5 .20)
dx3 dx2 a b 2G dx2
From equations (5.12) and (5.13)
j 2 i dT dT, . 9 t,
(Ua " V  = ETd l~ 5 x  " d5T^E7a' *Tb " Ta) = 3* 17d (5 .21)
^3vb d3Vwhere -------- =   . S u b stitu tion  o f  equations (5.16) and (5 .21) in to
dx3 dx3 
equation (5.20) g ives
d2x-b _ 2G[_l _5(d+c) 2 + d2] _ 3G(d+c) _ „
dx2 3 E .c .d 3 B E .c .d 3
The d i f f e r e n t ia l  equation (5 .22) i s  o f  standard form and i t s  
so lu t io n  i s
t , = A Cosh m x + B Sinh m x + — --------------------- (5 .23)
D 2[15(d+c)2 + d2]
where m2 = 2G[15(d+c)— + d ] a constant c o e f f ic ie n t  in  which the
3 E .e .d 3
geometry o f  the lam inates and the bonding layer  i s  invo lved .
5 .2 .2 .  In te r fa c ia l Shear S tress  D istr ib u tion  in  each Laminate
Equation (5 .23) rep resen ts the in te r fa c ia l  shear s tr e s s  d is tr ib u tio n
in  the bonding la y er , in  which in teg ra tio n  constants A and B are involved,
In order to obtain  the value for  th ese  con stan ts, the fo llow in g  boundary
con d ition s fo r  the laminated c a n tilev e r  beam are introduced:
dva dvb
At x = o; Th = o ,-3—  = -5—  = o; and a t x = L; T = o , T, = o 
d2V d2V. ox ax a b
, a band — ■— = -------- = o .
dx2 dx2
The value fo r  the constants A and B are obtained in  Appendix B.
S u b stitu tin g  the value o f .th e  in teg ra tio n  constants from equations 
(B.2) and (B.12) in to  equation (5 .2 3 ) , and g ives the fo llow in g  non- 
dimensional expression  for  the lon g itu d in a l shear s tr e s s  d is tr ib u tio n  
fo r  the lam inate ©
a 9(1+| )
yr . t .=   [tanh m L Sinh m x -Cosh m x] +
2 [ i5 c i+ |a 2 + 1]
9 (1 ^ )
(5 .24)
2 [15(1+!) 2 + ^
From equations (5 .15) and (5 .2 4 ) , the fo llow ing  expression  fo r  the 
shear s tr e s s  o f  the lam inate (a) i s
d 6 ( 1+f>
w • t_ = ----------   [tanh m L Sinh m x - Cosh m xl
w a [1 5 (1 + |)2  + 1]
+ _ 6 ( 1 + | _ _
[15(1+!)2 + 1] (5.25)
Hie in t e r fa c ia l  shear s tr e s s  i s  ca lcu la ted  for  both equations
(5 .24) and (5 .2 5 ) . These r e s u lt s  are presented in  figu re  ( 5 .8 ) .
5 .2 .3 .  Bending S tress  D is tr ib u tio n  in  each Laminate
The lam inate ©  i s  subjected  to  a combined a x ia l force  and 
bending moment. The non-dim ensional resu lta n t bending s tr e s s  w i l l  be 
given by
j ■ ■ Tr^  TO '
f  • CTx b = w~ • a ~  • w~ • W  c5 -26)
S u b stitu tin g  the equations (B.13) and (B.14) in to  equation (5 .26) 
g ives the fo llow in g  expression  fo r  the bending s tr e s s  d is tr ib u tio n  
in  the lam inate ©
a  = _ 4 5 2  __ rt a nh  m L Cosh m x - S in h  m x-.
W ' °xb d [15 (1+ !)2 + ^  ' m
+ — h H  -  ■ 5(L~c} 2  I #  -10(1+!) d [1 5 ( l+ ! )2 + 1]
(5 .27)
In ad d ition , the equation (5 .26) can be rew ritten  in  order to  obtain  
the expression  fo r  the lam inate (a ) . The fo llow ing  equation g ives the 
bending s tr e s s  d is tr ib u tio n ,
‘ d = ! i  1 1  j _  ry,
W ’ xa W " d * W * (5 .28)
S im ila r ly , su b s titu tin g  the equations (B.14) and (B.15) in to  
equations (5 .28) g ives the fo llow in g  expression  for  the bending s tr e s s  
d is tr ib u tio n  in  the lam inate (a)
d 45 ( H P 2. cr
W xa d [1 5 ( l+ |)2  + i]  m
j-tanh m L Cosh m x - Sinh m x]
d 4 )
d 50(.1+Cj d[1S (l+ !)2 ' + -1] d 2
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The so lu tio n  fo r  both equations (5 .27) and (5 .29) i s  based upon the 
assumption 4 described in  chapter 3. Typical r e s u lt s  for  the bending 
s tr e s s  d is tr ib u tio n  through the depth o f each lam inate i s  shown in  
fig u re  ( 5 .9 ) .
5 .2 .4 .  Transverse Shear S tre ss  in  each Laminate
The fo llo w in g  standard expression  g ives the transverse shear s tr e s s  
d is tr ib u tio n  in  the lam inate ®
d /  d d  xb , , c
W* Txyb = “ f  . W  * dx * 7 (5 .30)d
" ~2
D iffe r e n tia t in g  equation (5 .27) w ith resp ect to x , g ives  
d d<Ixb 4 5 ( 1 ^ 2
yr . —r—  = -  =---------------- [tanh m L Sinh m x - Cosh m x]
d [ 1 5 ( l+ |) 2 + 1 ] • '
i 7 3 (1-4)
[(§) +  “ I + ------------— --------- [ ( § 0 ------------- ]
1 0 ( l+£) d [1 5 ( l+| ) 2 + 1 ] 2
(5 .31)
S u b stitu tio n  o f  equation (5 .31) in to  equation (5 .30) y ie ld s
d v J  9 C1 +J>
W • = [ ( t )  + i ^ --------------[tanh m L Sinh m x - Cosh m x]
XyD a  I 2 [15(1+ |) 2 + 1]
. 9(H-£) 4S(l+§)2
+ ------------ :------------ +     [tanh m L Sinh m x -  Cosh m x]
2 [1 5 (l+ £ )2  + 1] 2 [1 5 (1 + |)2  + i]
[(g) - 0 . 5 ] ------------- 1----------- [(y . ) _ 0 . 5 ] l  (5.32)
2 [1 5 ( l+ j )2 + 1] °  r
Moreover, the standard expression  for  the transverse shear s tr e s s  in  
the lam inate ©  i s
d d /  d ^axa j rr_
W* Txya W Tb ” d W* Hx * d y  (5 .33)
'  J
D iffe r e n tia t in g  equation (5 .29) with resp ect to  x, g iv es  
dcT 45(1+S)2d xa
d [1 5 (l+ ^ )z + 1]
. —2—   ---------------   [tanh m L Sinh m x -  Cosh m x]
W dx jr ,r « .C x 2  . n
c.
,y. (1+T> ^---
3 0 (1 + $  d I 1 5 ( l+ $ 2 + 1]I ®  ♦ + c ,  -  - t ~ ] (5 - 34>
S u b stitu tio n  o f  equations (5 .24) and (5 .34) in to  equation (5 .3 3 ) ,  
g iv es  the f in a l  value fo r  shear s tr e s s  in  the lam inate ©
d 9 C1+f )
sr • t„  = -------------------------  [tanh m L Sinh m x -  Cosh m x]
ya 2 [15(l+£) 2 + 1]
9(1-4)
+ [($■) + 0 -5]
2 [1 5 (1 + |)2  + l ]
[tanh m L Sinh m x -  Cosh m x] +
30«S>
2 [15(1+ $  2 + 1]
2 [1 5 (1+ $  2 + 1]
4 5 ( H $  2
2 [15(1+ $  2 +
[ ( $  - 0 .5 ]  -  , [(£) - 0 .5 ]
-  [tanh m L Sinh m x -  Cosh m x]
(5 .35)-----------— ------  u . b j >
2 [15(1+$ + 1 ]  J
The so lu tio n  o f  both equations (5.32) and (5.35) fo llo w s from both
equations (5.27) and (5.29). The ty p ica l r e s u lt s  are i l lu s t r a t e d  in  the
fig u re  (5 .9 ) , which shows the transverse shear s tr e s s  d is tr ib u tio n
through the depth o f each lam inate fo r  the depth r a tio  0.333.
5 .2 .5 . P o sitio n  o f  Neutral Axis in  each Laminate
The p o s it io n  o f  the neutral a x is  v a r ies  along the span o f  the beam,
s in ce  each lam inate i s  subjected  to a shear tra c tio n  on i t s  in te r fa c e s .
At i t s  in te r fa c e s , = o , so then from equation (5.27)
Cv . 9 c. rtanh m L Cosh m x - Sinh m x
• . 9 ( 1 * $  ( L - X )  J  ( 1 + $  [ ~  „    * ]
S im ila r ly , the equation (5 .29) g iv es  the fo llow in g  expression
fo r  the p o s it io n  o f  the neutra l a x is  in  the laminate (a)
3 c WT  ^ 3 c. rtanh m L Cosh m x -  Sinh m xn
.  y r  U+a* (L-x:i - t  l---------------- s -----------  ]y r: Z—  --------------------------------------------------------------  .-----
a « i CM c . j  rtanh m L Cosh m x - Sinh m x-, .
45 Cl+g-D t-------------------— -------------------------]+ 3 (L -x)
(5 .3 7 )
The ca lcu la ted  r e s u lt s  are shown in  fig u re  (5 .1 0 ) ,  for  both equations
(5 .36) and (5 .3 7 ) .  .
5 .3 . Four-Point Bending
5 .3 .1 .  Introduction
T heoretica l a n a ly s is  o f  the three layered laminated composite beam 
subjected  to  a fo u r-p o in t bending i s  based upon the methods, which were 
developed in  the previous sec tio n s  o f  th is  th e s is .  This a n a ly s is  provides  
sim ple inform ation about the shear s tr e s s  d is tr ib u tio n  and load tra n sfer  
mechanism in  each lam inate. T heoretica l r e s u lt s  w il l  be compared and 
d iscu ssed  la te r  w ith the previous so lu tio n s  as mentioned in  the se c tio n
5 .2 .
The system o f  rectangular coordinates fo r  the undeformed beam and i t s  
geom etric parameters are presented in  the fig u re  (5 .1 1 ) . According to  
the previous se c t io n  3 .3 ,  th is  id e a lis e d  model i s  d ivided in to  two 
regions ( i )  and ( I I ) ,  s in ce  the boundary conditions in  both regions  
o f  the model are n ot independent. The lo n g itu d in a l and transverse shear 
s tr e s s e s  are analysed sep ara te ly  in  each reg ion . The d e ta iled  inform ation  
about th ese  s tr e s s  d is tr ib u tio n s  i s  given in  the fo llow in g  s e c t io n s .
Nomenclature
The n otation  o f  the sec tio n  (3 .1 ) i s  repeated and i s  used in  each 
o f the two regions o f  th is  se c t io n .
Subscript
a . 1, b . l .  th ese  su b scrip ts  designate  q u a n tit ie s  p erta in in g
to the region  (I)
a .2 , b .2 . th ese  su b scr ip ts  design ate  q u a n tit ie s  p erta in in g  to the
region ( I I ) .
5 .3 .2 .  D erivation  o f  Governing Equilibrium Equations in  the Region ( i )  • 
Uniform Bending Moment
The fig u res  (5 .12 ) and (5 .13) in d ica te  the s ign  conventions used for  
fo rces  and bending moments, they a lso  represent the constant extern al 
bending (Mq) in  the region  (I) fo r  lam inates ©  and r e sp e c t iv e ly .  
•The fo llow ing  equilibrium  equations can be w ritten  for  a ty p ica l  
element o f  the beam.
The lon g itu d in a l force equilibrium  is
dT 1
a * - i + To i = 0 (5 .38)dx b . l  a .1
The condition  o f  bending moment equilibrium  i s  
dM 1 ,
- T (T„ , + , )  + S„ , = o (5 .39)dx 2 v a . l  b . 1J a . 1
and, the moment-curvature re la t io n sh ip  i s  
d2V -
EX = M (5 .40)
dx2 a - 1
E d3where El = re fer s  to the flex u ra l r ig id it y  o f 'th e  lam inate (a)
S im ila r ly , from fig u re  (5 .1 3 ) , the fo llow in g  equilibrium  equations 
fo r  the laminate are:
The condition  o f  a x ia l force  equilibrium  i s
The bending moment equilibrium  condition  i s
dMb- 1 d C rr , „
~3x 2 • Tb .1 + b . l  " 0 (5-42)
The moment-curvature r e la t io n sh ip  fo r  lam inate ©  i s  
d2Vh 1
El -----= m, . " (5 .43)
dx* V l
From fig u re  (5 .1 4 ) ,  the in tern a l shear force equilibrium  equation
fo r  the composite beam in  the region (I) i s
2. S _ . + 2 .  S, - + C .  t , + 2 C. t. 1 = o (5 .44)a . l  b . l  a . i  b . l
and, the equilibrium  equation fo r  combined bending moment and a x ia l fo rces
o f  each lam inate a t the cen tra l p o in t "0", as shown in  f ig u re  (5 .14) i s
. 2 <Ma . l  + “b .P  + Cd+c>- Ta . l  + 3 (d+c) ‘ Tb . l  -  Mo (5 -45)
In gen era l, fo r  the region ( I ) , the in te r fa c ia l  shear force
equation can be derived , by considering the equations ( 5 .7 ) ,  and,
su b stitu tin g  the values o f; MSa j" from equation (5 .3 9 ) , and, MSb
from equation (5 .4 2 ) , in to  equation (5 .4 4 ) , where, M, . = M 1 = M1,
D. 1 cL • X JL
thus 
dM
a r - =  + 2 - V i >  (s -4«
S u b stitu tin g  the value o f  equation (5 .15 ) in to  equation (5 .46)  
g ives
d3V. dM., ,
—  = —  • s r = - - - - - • \  i  ' t 5 - 47)
dx3 E .d 3 E .d3
The fo llow in g  second-order d if fe r e n t ia l  equation for  the region  (I) 
can be obtained from equations (5 .2 0 ) , (5 .21) and (5 .4 7 ) , thus
• • g V l  .  2G[15(d+c)2 + d2] . (5 .48 )
dx^ 3 E .c .d 3
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The d if f e r e n t ia l  equation (5 .48) i s  o f  standard form and i t s  
so lu tio n  i s
xb  ^ Sinh m Cosh m x^ (5 .49)
where m2 = 2G[15(d+c)— *  ^ 1. i s  a constant c o e f f ic ie n t  which i s  
3 E .c .d 3
id e n t ic a l to the constant in  equation (5 .2 3 ) .
5 .2 .3 .  D erivation  o f  Governing Equilibrium Equations in  the Region 
( j j )  -  Bending w ith Shear Force
Figure (5 .15) represents the s ig n  conventions used fo r  fo rces  and 
bending moments in  the region  ( I I ) . The fo llow in g  bending moment 
equilibrium  equation for  the lam inate ®  i s
“ a 2 d- £  ( X  ,  + t .  0) + S„ ,  = o  (5 .50)dx 2 v a .2 b .2 ' a .2
S im ila r ly , f ig u re  (5 .16) rep resen ts the sign  conventions used fo r  
fo rces and bending moments in  the region ( i i ) . The fo llow in g  bending
moment equilibrium  equation for  the lam inate i s
• . dM, ,
cET" " 2 * Tb .2 + Sb . 2 = 0 (5 .51 )
In gen era l, fo r  the region ( I I ) ,  the in te r fa c ia l  shear fo rce  equation  
can be derived by making the assumptions embodied in  equation (5 .7 ) ,  
and su b s titu tin g  the values o f  "Sa £  from equation (5 .5 0 ) , and "S  ^ ^  
from equation (5 .5 1 ) , in to  equation (5 .8 ) ,  where \  2  = \  2 = ^2’ 
thus
— — = ( T + 2  t  ) -  — (5 52)dx 4  ^ a .2 b .2 ' 4
S u b stitu tin g  the value o f  equations (5 .15) in to  equation (5 .52) 
y ie ld s
dSV2 _ _12_ ^ 2  _ 10(d+c) 3W _ f
dx* '  E .d 3 ’ d* " E .d3 ‘ b ’ 2 '  E .d3 1 J
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The fo llow in g  expression  i s  derived from equations (5 .2 0 ) and 
(5 .21) fo r  the region  (II)
c d2xb .2  „  , d3v2 2 Tb . 2
2G ‘ dx2 = Cd+c) -  dx3 * r -  E.d (5 .54)
S u b stitu tin g  the value o f equation (5 .53) in to  equation (5 .54)  
g ives
d b .2  _ 2G fl5(d+c)2 + d2] T _ 3G(d+c) .W „  55,
dx2 3 E .c .d 3 b-2 E .C .d3
The d if f e r e n t ia l  equation (5 .55) i s  o f  standard form and i t s
so lu tio n  i s
„ = A~ Cosh m x0 + B0 Sinh m C) ,.»W----------
b *2 2 2 2  2 2 [15(d+c)2 + d2] (5 *56)
where m2 = 2^ - ^  —— —^ * -d  ^ i s  a constant c o e f f ic ie n t .
3 E .C .d3
5 .3 .4 .  Constant Bending Moment - Region ( i)
5 .3 .4 .1 .  D istr ib u tio n  o f In te r fa c ia l Shear S tress  in  each Laminate
The in teg ra tio n  constants A^  and B  ^ are involved in  equation (5 .49)
In order to  so lv e  fo r  th ese  constants the fo llow in g  boundary con d ition s
fo r  a fou r-p o in t loading are introduced:
dVb 1At Xj = ° ,  b l  = 0 , - g ^ =  o and Ub l  = o
At x d = Ld and x2 = °> t b-1 = t b _2 > Ta . l  = Tb .2 ’
dU, , dU, ?
^ . 1  = ^ . 2 ’ dx" = “ dx and 0b . l  = 0b .2
At x 0 = L0 , Tu 0 = o , d ^b.2 = Mb.2 = o and dbb .2  = o .2 2 0 .2  ------  —ptr— —t------
dx2 EI
The in te r fa c ia l  shear s tr e s s  in  the lam inate ©  can be determined  
by su b s titu tin g  the value o f  in teg ra tio n  constants B^  and A^  from 
equations (B.17) and (B .50) in to  equation (5 .4 9 ) ,  th is  lead s to  the  
fo llow in g  non-dim ensional shear s tr e s s  equation
9(1+^-) tanh m Ln Sinh m x .^ x n uj.h
— _ _  r . * 1
W* * Tb . l  2J15(1+C) 2 + 1]* CSinh m tanh m L2  + Cosh m L^)J
(5 .57)
S im ila r ly , the expression  for the in te r fa c ia l  shear s tr e s s  in  the  
lam inate (a ), fo r  the region  ( i )  can be obtained by using the equations
(5 .15) and (5 .5 7 ) .  I t  fo llo w s that
Q
j  6(1+^-) tanh m L2 Sinh m x^
W * Ta . l  ~ 7T777~""c72 “  ^-(Sinh m L. tanh m L0 + Cosh m L.^[1 5 ( l+ j )z + 1] 1 2 1
(5 .58 )
The in t e r fa c ia l  shear s tr e s s  d is tr ib u tio n  in  th e  region (I) i s  
presented  only in  the p a rt. The r e s u lt s  o f  th is  region can be combined 
la te r  w ith the region  ( i l ) , s in ce  the boundary conditions o f  th ese  two 
regions are dependent. The so lu tio n  o f  both equations (5 .57) and (5 .58 )  
are i l lu s t r a t e d  in  fig u re  (5 .17)
5 .3 .4 .2 .  Determination o f  Bending S tress  D istr ib u tion
The r e su lta n t non-dim ensional bending s tr e s s  equation fo r  the
lam inate ©  in  the region (I) i s  given by
d _ Tb . l  12 ^ . 1  ry n , r
W ' ° x b .l  W ~ TT ' W • (5 .59 )
The f in a l  form o f  equation (5 .59) can be obtained by su b s titu tin g  from
equations (B.51) and (B.53) which g ives
 ^ 45(1+^)2 tanh m L2 Cosh m x^
f-m  ( C .  r iK  m  v  T 4*rtriV i m  T 1 m  T 1  ^W x b .l  d [15(1+—) 2 + 1] * m x Li  tanh m L2 + Cosh m L )^
x 1 3 -L2 v 3(1+f>
[ ( | )  + ~  - - - - ] ------------— T 2 --------  ECt) - - 2 - ^ - 1  (5 .60 )
10(1+ |) d [ 1 5 ( l+ |)2 + 1]
In ad d ition , the equation (5 .59) can be rew ritten , in  order to obta in
the expression  for  the lam inate © .  the fo llow in g  equation g iv es  the
non-dim ensional bending s tr e s s  d is tr ib u tio n
S im ila r ly , su b s titu tin g  the equations (B.52) and (B.53) in to  the
above equation (5 .61) g ives the fo llow ing  expression  fo r  th e bending
s tr e s s  in  the lam inate (a)
 ^ 45(1+^)2 tanh m L2 Cosh m x^
W * ax a .l  “ cj [ i 5 ( i + c ) 2  + -|j ^m(Sinh m tanh m L2 + Cosh m L j}
-  - . 3. L9 fl+ r)
1 $  + — ^ ---------------h -0—  1 $  -  — 2 ^  (5 -62)3 0 (l+ f)  d [ 1 5 ( l+ |)2 + 1]
The so lu tio n  o f  both equations (5 .60) and (5 .62) i s  based upon the
assum ption.4 o f  sec tio n  (3 .1 3 ) . The bending s tr e s s  d is tr ib u tio n  
•in the region (I) i s  shown in  fig u re  (5 .1 8 ) .
5 .3 .4 .3 .  Transverse Shear S tress  in  each Laminate
The fo llow in g  standard expression  g ives the transverse shear s tr e s s  
d is tr ib u tio n  through the depth o f  lam inate in  the reg ion  (I)
d _ /  d ^ X b . l  j  r r
W • Txyb.1  ” d W * dx * dy (5 .63)
daxb 1^The value o f  — — can be obtained by d if fe r e n t ia t in g  equation (5 .6 0 ) ,  
thus
d daxb ^  45(1+2-)2 tanh m L2 Sinh in x^
W * dx d [15 (l+ ^ )2 + 1] ^ i n h  m tanh m L2 + Cosh m
5-17
S u b stitu tio n  o f  equation (5 .64) in to  equation (5 .63) g iv es  the  
fo llo w in g  expression  fo r  the shear s tr e s s  d is tr ib u tio n  in  the lam inate
J
+ 0.51 SW * Txyb. 1 = + ° -5^
[7c5
2[15(1+5)2 + 1]
tanh m L2 Sinh m x^
- ] +
4S(l+f)2
(Sinh m tanh m L2 + Cosh m L^)-1 2 [15(1+2-)2 + 1]
tanh m L? Sinh m x 1
[7c^ -u- - T -jr -4  .------- —i — r------ !—7-] [ ( f t  -  0 . 5] > (5 .65 )L(Sinh m tanh m L2 + Cosh m L^)J L d J J f  v
j
The value o f  transverse shear s tr e s s  equation (5 .6 5 ) at x^ = o i s  
n e g l ig ib le .
S im ila r ly , the tran sverse  shear s tr e s s  equilibrium  equation fo r  the  
’lam inate ©  in  the region  ( I ) i s
d d /  d dax a .1. dy
W * Txya.1 = W * Tb . 1 " J , W * dx
(5.66)
da
The value o f
(5 .6 2 ) ,  thus
j 3a - d x a .l
xa. 1 
dx can be obtained by d if fe r e n t ia t in g  equation
tanh m L2 Sinh m x^
W * dx
45(1+2")
d [15 (l+ —)2 + l ]  ^(Sinh-m tanh m L2 + Cosh m L )^
(5 .67 )
30(1+2-)
S u b stitu tio n  o f equations (5 .57) and (5 .67) in to  equation (5 .66 ) g ives  
the f in a l  value for  the shear s tr e s s  d is tr ib u tio n  to the lam inate (a) 
for  the region  (I)
9(1^-) tanh m L2 Sinh m x^
W *. xya. 1 2[15(1+^)2 + 1] (Sinh 131 ^  tanh m L2 + Cosh m L )^ ■]
+ I(£> + 0 .5 ]   ^
4 5 (l+ j) 2
3 (1 ^ ) 2 tanh m L2 Sinh m x^
2 [15(1+—) 2 + 1] (Sinh m tanh m L2+Cosh m L^)
tanh m L„ Sinh m x
2 [ 1 5 ( 1 + | |2 + 1]
 ^ 1^2 UAIU1 111
L(Sinh m tanh m L2 + Cosh m L^)  ^ t ^ . 5
(5 .6 8 )
The v a lu e  o f  th e  above equation  (5 .6 8 ) a t = o i s  n e g l ig ib le .
5 .3 .4 .4 .  P o s itio n  o f  Neutral Axis in  each Laminate
The p o s it io n  o f  the n eutral a x is  v a r ies  along the span o f  the beam, 
s in ce  lam inate ©  i s  subjected to  a shear tr a c tio n  on i t s  in te r fa c e s .
At i t s  in te r fa c e s   ^ = o , so then from equation (5.60)
' tanh m L0 Cosh m x.
*L n. CM M  i C'i r  t ______________z_________________1
2  ^ +<r 2 ~ dr ^ (S in h  m L. tanh m L0 +. Cosh m L,) 
v = rx i = ____________________ - _________1 2  i j
^ b .l LcTJ _ tanh m L2 Cosh m x^
4 5 ( l+£[-) ^m(Sinh m tanh m L2 + Cosh m L^)  ^ + ^*^2
(5 .69)
S im ila r ly , the equation (5 .62) g ives the fo llow ing  expression  fo r  
the p o s it io n  o f  the n eutral ax is in  the lam inate (a)
 ^ 3 c  tanh m L2 Cosh m x^
T (1+? L2 " iK 1 cP fm(STnh" m L. tanh m L0 + Cosh m
9 = rZ.1 = __________________________  I_____ 2____________ V _
7a . l  LdJ tanh m L2 Cosh m x^
45(1+J) tm(Sinh m tanh m L2 + Cosh m L^)^+ 3 *L2
(5 .70)
The ca lcu la ted  r e s u lt s  are shown in  fig u re  (5 .19) fo r  both  
equations (5 .69) and (5 .7 0 ) .
5 .3 .5 .  Bending w ith Shear Force -  Region ( i i )
5 .3 .5 .1 .  In te r fa c ia l Shear S tress  in  each Laminate
The boundary conditions fo r  fou r-p o in t bending are described a t  
the beginning o f  se c tio n  (5 .3 .4 ) .  A fter  which, i t  i s  easy to  fin d  the  
valu es o f  the in teg ra tio n  constants A2 and B2 involved in  equation (5 .5 6 ) .
The shear s tr e s s  can be determined by su b stitu tin g  the va lu e o f  th ese
in teg r a tio n  constants from equations (B .4 8 ), (B.49) and (B .50) in to  
equation (5 .5 6 ) . The f in a l  equation fo r  the non-dim ensional lo n g itu d in a l  
in t e r fa c ia l  shear s tr e s s  d is tr ib u tio n  in  the region ( i i )  i s
0
£ 9(1+^-) . .tanh m Sinh m ^  - Cosh .m ,^
W * Tb .2  “ 2 [15(1+—) 2 + 1] ^ tank m Li  tan  ^ m ^2 + 1) ^
(5 .7 1 )
2 [1 5 (1 + |)2 + 1]
S im ila r ly , the expression  for  the in te r fa c ia l  shear s tr e s s  fo r  the
lam inate ©  in  the region (II) can be obtained by using the equations
(5 .15) and (5 .7 1 ) . I t  i s
c. £ ^ (f+ J) tanh m 1  ^ Sinh m X2  -  Cosh m X2
  ^  r  - - r 1
W * a .2 [ 1 5 ( i + £ ) 2  + 1 ] (tanh m tanh m L2  + 1)
6 u +£i
(5 .72 )
I15(1+|D2 + 1]
Both equations (5 .71) and (5.72) fo r  the region (II)  where the 
bending w ith shear force  takes p lace  are s im ila r  to  equations (5 .24 ) and
(5 .25 ) for  the c a n tile v e r . I t  i s  proved th at appropriate boundary 
cond ition s g ive s a t is fa c to r y  r e s u lt s .  The so lu tio n  for  th ese  equations  
i s  i l lu s t r a t e d  in  fig u re  (5 .1 7 ) .
'5 :3 .5 .2  D istr ib u tio n  o f  Bending S tress  in  each Laminate
With referen ce to the equation (5 .2 6 ) , i t  i s  d esira b le  to c a lc u la te  
the value for  the bending s tr e s s  d is tr ib u tio n  in  the lam inate  
through the depth o f  layer  in  the region  ( I I ) . By su b stitu tin g  
equations (B.54) and (B.56) in to  e q u a tio n s .(5 .2 6 ) , the fo llow in g  
non-dim ensional expression  can be obtained
 ^ 45(1+^-)* tanh m Cosh 111X2  - Sinh m X2
W * axb.2 d [15 (l+ —) 2 + 1] ^  tanh m + 1) ^
r y 1 ^ ^ 2 -X2^  v 3(1+t)
[c& + V c ] --------- - - r - J  (5 ' 73)10(1+S) d [15 (1+5)2 + 1 ]
L ik ew ise , by s u b s t itu t in g  equations (B .55) and (B .56) in to  equation
(5 .2 8 ) ,  the fo llow in g  non-dim ensional bending s tr e s s  d is tr ib u tio n  in  the
lam inate (a) fo r  the region  (II )  can be obtained
d 45 (1+3)2 tank m L2 m x2 ” m X2
W * axa .2  = '  t ^d [1 5 ( l+ j )2+l] m(tanh m tanh m L2  + 1)
. I t  3 (L2_X2^  rry^  , r  ^
 ^ d^  + c ] “ C o  ^d^ 2  ^ (5 .74)-
3 0 (l+ j) d [1 5 ( l+ j )2+l] a
Typical r e s u lt s  fo r  the bending s tr e s s  d is tr ib u tio n  in  each lam inate
(5) and @  are shown in  the f itu r e  (5 .2 0 ) .
5 .3 .5 .3 .  Transverse Shear S tress  in  each Laminate
The transverse shear s tr e s s  d is tr ib u tio n  in  the lam inate ©  can be
•  •
determined by considering the equation (5 .63) fo r  the reg ion  (II )  and
d if fe r e n t ia t in g  equation (5 .73) w ith resp ec t to  x , to  g iv e
, da . 0 45(1 +§02 tanh m L^  Sinh m x„ -  Cosh m x 0a xb.2 d r_________2__________2____________ 2 j
L C  +■ t n  T m  T X  1 ^W * dx d [1 5 (l+ c) 2 + 1] (tanh m L^  tanh m L2  + 1
, ,  3(1+5-)
[ ( d> + e-J +  -  - 2 “ ^  C5-75)10(1+ |) d [1 5 (l+ £ )2+ 1 2
S u b stitu tio n  o f equation (5 .75) in to  equation (5 .63) g iv e s  the shear
s tr e s s  in  the lam inate (B) for  the region  ( i i )  as:
a  I 9 (1+t )  tanh m L0 Sinh m x 0 -  Cosh m x ._  r rXn + n qi J________ dy_____r_______ 2__________ 2   2 -,
W * Txyb.2 “ ’■Nr * **  2[15(1+—) 2+l] (tanh m L^  tanh m L2 + 1)
9(1 +^ Q 4 5 (l+ § )2 tanh m L2 Sinh m x 2-Cosh m x 2
+ 2 [1 5 ( l+ 5 )2+l + 2 [1 5 (l+ j) 2+l]  ^ (tanh m Lx tanh n l 2 + 1) ■*
[(£ ) -  0 . 5 ] -----------------------  [(&  -  0 .5 ]  i  (5 .76 )
d 2 [ lS ( l+ £ )2 + 1 d ,
S im ila r ly , the shear s tr e s s  in  the laminate (a) can be c a lcu la ted  
by considering the equation (5 .66) for  the region  ( i i ) ,  and 
d if fe r e n t ia t in g  equation (5 .74) with resp ect to  x , to  g iv e
5-21
d  ^ xa  2 45(1+^-)2 . tanh m L2  Sinh m X2  .-r Cosh m X2
W * dx “ d[15(l+g-).2 + 1] ^(tan^ m ^*1 tanh m L2  + 1)
v 1 3 v
[ ( f t  + =H + ----------- § - --------  [ ( f t  -  ~ T ~ ]  C5 - 77)
3 0 (l+ ft  d [1 5 ( l+ f t2 + 1]
S u b stitu tio n  o f  equations (5 .71) and (5 .77) in to  equation (5 .66) g ives  
the shear s tr e s s  in  the lam inate (a) fo r  the region (II) as
.  ^ 9(1+^) tanh m L2  Sinh m X2  - Cosh m X2
W * Txya.2  ~ ^2 [15(1+—) 2 + 1]~ 111 tan  ^ m ^ 2  + 1) ^
9 d 4 )
dJ
d5 y J 3(1+f)—------ - -------------- + [ ( f t  + 0 . 5 ] < — :— ------------
2 [1 5 ( l+ f t2 + 1] “ 2 [1 5 ( l+ f )2 + 1]
Q
tanh m L2  Sinh 1  X2  -  Cosh m X2  3(1+^)
 ^C  +  n«V» m T + o n ] i  nn T X 1 1 ^(tanh m Lj tanh m L2 + 1] 2 [15(1+^)2 + 1]
45(1+^)2 tanh m Sinh m X2  - Cosh m ^
t  (-+■ V. m  T t n n l i  -m T X 1 1  ^
2 [1 5 ( 1 + —) 2  + 1] (tanh m tanh m L2 + 1)
[ ( f t  - 0 .5 ]  -   -------1 — ---------  [ ( f t  -  0 .5 ]  J> (5 .78 )
d 2 [ lS ( l+ f)2 + 1] d j
The so lu tio n  o f both equations (5 .76) and (5 .78) i s  based upon the  
equations (5 .73) and (5 .7 4 ) . T ypical r e s u lt s  fo r  the tran sverse shear  
s tr e s s  d is tr ib u tio n  in  each lam inate 0 )  and (B) are shown in  the fig u re  
(5 .2 0 ) .
5 .3 .5 .4 .  P o sitio n  o f  Neutral Axis in  each Laminate
The p o s it io n  o f  the n eu tra l a x is  va r ies  along the span o f  the beam, 
s in ce  the lam inate (B) i s  subjected  to a shear tra c tio n  on i t s  in t e r ­
fa c e s . At i t s  in ter fa c e s  a  ^ 2  = 0 s0 then from equation (5 .73)
g c 9 c tanh 111 L2 ^osh m x 2  " Sinh m X2
2 d^   ^ 2 2^  t m[tanh m L. tanh m L, + 1) ^
y  =  rZi =  ___________________________________________________  1 2
J b . 2  LdJ . tanh m L~ Cosh m x9 - Sinh m x9
45(1+f> 2 [m(tanh' m L, tanh m L, + 1)-------^  + 3 <L2 * x2>
(5 . 79)
S im ila r ly , the equation (5 .74) g ives the p o s it io n  o f  th e ,n eu tra l 
ax is  in  the lam inate (a) , fo r  the region  ( i i ) . At i t s  in te r fa c e s
°* a . 2  = o:
.7 7 tanh m L9  Cosh m x 9  -  Sinh m x 9
(L , -  x2) -  f c i+ f )  [ mctanh m Ll tanh m L2  + 1 ) ]
K . 2  = ^  -  ------------------------------    -^--------—tanh m L9  Cosh m x 9  -  Sinh m x 9  
4 5 ( 1 +f t 2  [inltanh m L, tanh , %  + 1------------- + 3 ^ 2  * x2 >
- - (5 .80)
The ca lcu la ted  r e s u lt s  are shown in  fig u re  (5 .19) fo r  both equations 
(5 .79) and (5 .8 0 ) . In add ition  the r e s u lt s  o f a l l  th ese  equations o f  
th is  Chapter (5) w i l l  be compared and d iscu ssed  la te r  in  the fo llo w in g  
Chapters.
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FIGURE 5 .2  Describing th e  Sign Convention for Forces 
Acting Upon a Infinitesimal Element of th e
Laminate (a)
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FIGURE 5 .3  Describing th e  Sign Convention for Forces
Acting Upon a Infinitesimal E lem ent of th e
Laminate (1))
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FIGURE 5 .4  External And Internal Shear Forces
Acting Upon a Three _ Layer Laminated
Composite B eam .
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Describing the Relationship Between Rotation, 
Shear and Axial Deformation.
Rotation and Shear Deformation takes place 
in the Bonding Layer, Where "o' is the 
Central point at which the Strain is neglected.
Bending and Axial Deformation takes place 
in the Laminate. ®
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RGURE 5 . 6  Describing t h e  Relationship Between Rotation. 
Shear and  Axial Deformation.
Bending axial deform ation tak es place in th e
L am ina te  (IT)
Rotation a n d axial deformation takes p lace in
the bonding layer.
Bending 8* axial deformation takes place in the
Laminate (b)
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FIGURE S . 7 Effect of Rotation and  Bending Moment 
on T h r e e L a y e r  Lam inated  Beam .
" 0 ” is the Central Point at which th e
Strain is Neglected. 0 0 ^ 0 2  a n d  OO3 O4
a re  two Similar T riang les.
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FIGURE 5 . 8  Non-dimensional Interfacial Shear S t r e s s  C alcu la ted
From Equations (5.24)and (5.25); For a Three -  Bonding Layer 
Lam inated Cantilever Model.
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FIGURE 5,9  Non-dim ensional Transverse  Shear S t r e s s f(d/W)»Zxy1 and 
Bending S t r e s s [(d/W).6 x] through the D epth, Calculated 
From E q ua tions  (5.27),(5.29),(5..32)and (5.35) For Cantilever 
Model (T hree-B onding Layer Lam inated B eam ).
FIGURE 5 . Position of Neutral AxisCy) in e a c h  Lam inate 
Calculated From E quations (5.36) and  (5-37); For 
a  Three-. Bonding Layer L am inated  Cantilever
Beam .
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FIGURE 5.12 C onstan t  External Bending Moment Mo in 
the Region (I), Including Internal Sign 
Convention an d  Forces acting upon th e  
Element of th e  Laminate (a)
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FIGURE 5 . 1 3 C onstan t External Bending Moment Mo in 
the  Region (I), Including Internal Sign 
Convention and  Forces acting upon th e  
Element of t h e  Lam inate (b)
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FIGURE 5.1 A C onstan t External Bending Moment Me In 
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FIGURE 5.15 An Infinitesimal E lem ent of the  L am ina te  - ©
Including the  In ternal Forces and  Sign Convention 
in th e  R egion(i I)#
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FIGURE 5 ,1 6  An Infinitesimal Element of t h e  Lam inate  (B) 
Including th e  Internal Forces and  Sign
Convention in th e  R e g io n ( i l ) .
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FIGURE 5.17 Non-dimensional Interfacial Shear S t r e s s e s  in 
two Regions(I) and (I I), Calculated From
E qu ations  (5 57),(5 58),(5 71), and (5 72); For a 
T hree-B onding  Layer Laminated Four-Poirti
Loading M odel.
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FIGURE 5 .1 8  N o n -d im en s io n a l  Bending S tre s s  through th e  depth
of e ac h  Laminate in the  Region (I), Calcula ted  From
Equations(5 .60) and  (5 . 62).
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FIGURE 5,19 Position of N eu tra l  Axis(Y) in each  Lam inate 
for two Regions (I) and (II), Calculated From 
E quations(5 .69),(5  .70),(5 .79), and (5 .80), For a
Three-Bonding Layer Laminated Four-Point
Loading Model.
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FIGURE 5 * 20 N on-dim ensional Bending S t r e s s [ (d/W).6 x2] an d
Transverse Shear Stressed/W).Txy] through  th e  dep th  
in Region(ii)t Calculated From E q u a tio n s (5.73),(5.74) 
(5.76)and (5.78); For a T h re e -B o n d in g  Layer Laminated
Four-Point Loading Model.
CHAPTER 6
EXPERIMENTAL STRESS ANALYSIS OF A THREE-LAYER MODEL
6 .1 . Design and Manufacture o f  P h o to e la stic  Model
The d e ta ils  o f  the composite p h o to e la st ic  model are shown in  
Figure (6 .1 ) .  This t e s t  model o f the epoxy r es in  (A rald ite  CT 200 +
HT 901) i s  ca st in to  the d esired  geometry. A complete d escr ip tio n  
o f  the ca st in g , curing and annealing procedures i s  given in  Chapter 4.
At both ends o f  the t e s t  model three s lo t s  are m illed  and f i l l e d  by 
the s ty c a s t  CPC-41 (Urethane) through the h o les as shown in  Figure 
( 6 .2 ) .  Then, i t  was allowed to cure a t  room temperature fo r  120 hours 
b efore the model was te s te d . No attempt was made to a s s i s t  the curing 
by r a is in g  the temperature in  order to  avoid the in trod u ction  o f  spurious  
s tr e s s  by ex cess iv e  shrinkage o f the urethane. The t e s t  model was l e f t  
in  a storage oven a t e levated  temperature u n t il  required fo r  t e s t  in  
order to avoid ex ce ss iv e  m oisture absorption .
P roperties o f  the M aterials used in  the Model
A th ick  sh eet o f A ra ld ite  CT 200 w ith hardener HT 901 was used to  
represent the lam inates and s ty c a s t  CPC-41 (urethane) f le x ib le  rubber to  
represent the bonding la y er . To ensure th a t maximum s tr e s s  tra n sfer  a 
large  modulus r a t io  la y er ) i s  d e s ir a b le , and a low
fr in g e  constant g iv es  high p h o to e la st ic  s e n s i t iv i t y ,  ensuring a 
r e la t iv e ly  large number o f  isochrom atics a t low s tr e s s  le v e l s .
The p rop erties  o f  the m ateria ls chosen for  the models are given  
below:
For A rald ite  CT 200 w ith hardener HT 901
Modulus o f  e la s t i c i t y :  4 .8  x 105 lb / in 2 [from m anufacturer's data]
1.778 x 105 lb / in 2 [ca lcu la ted  from
m anufacturer's data using G = E /2(l+ v)  
where v i s  Poissons r a t io  = 0 .35]
57 lb f / i n 2/f r in g e / in  [evaluated  ex p er i­
m entally  under fo u r-p o in t load as a 
laminated composite beam].
370.6  lb / in  [evaluated  experim entally  
summarised in  Appendix D].
/23-5T lb / in 2 [ca lcu la ted  from experim ental 
data using G = E /2 (l+ v) where v i s  
Poissons r a t io  =°-^J  
The e la s t ic  moduli o f  the m ateria ls were obtained fo r  the lam inate 
and the bonding layer  r e s p e c t iv e ly , g iv in g  Elam inate/Ebonding layer  =
1.295 x 103 fo r  the p a r ticu la r  configu ration  which had been adopted for  
th ese t e s t s .  The s t a t i c  load applied to  the p h o to e la s t ic  model was chosen 
to provide a s a t is fa c to r y  fr in g e  pattern  without introducing ex ce ss iv e  
maximum s tr e s se s  a t the in te r fa c e s .
6 .2 . The Loading System and T esting
The t e s t  model i s  subjected  to  th ree-p o in t loading in  i t s  own p lan e.
A su ita b le  loading r ig  was constructed , i t  i s  i l lu s t r a t e d  in  Figure (6 .3 ) .  
There are two main parts o f the loading system . The main part o f  th is  
system i s  re la ted  to  the bending w ith  shear fo r c e . The cen tre o f  the  
t e s t  model i s  used for  the other loading mode o f  the same system . The 
h o r izon ta l loading le v e r , denoted by "1", c o n s is ts  o f a number o f  p a irs  
o f p la t e s ,  denoted by !tc" clamped, one on each s id e  o f the lev er  and 
t e s t  model by p ins and b o lts  through the loading h o le s . Each loading  
lin k  i s  subjected  to  an equal magnitude o f  th e ’ load.
Modulus o f  r i g id i t y :
M aterial fr in g e  constant:
For s ty c a s t  CPC-41 (Urethane) 
Modulus o f  e l a s t i c i t y
Modulus o f  r ig id it y :
A fter removal o f  the model to  be te s ted  from the storage oven 
approxim ately 20 minutes was allowed fo r  i t  to  cool to room temperature.
I t  was then assembled w ith the two main parts o f the loading frame and 
i t s  a sso c ia ted  p a r ts . The complete assembly was suspended in  the 
standard p h o to e la s t ic  s tra in in g  frame (as summarised in  Chapter 4 ) .  The 
s t a t i c  load was app lied  by p u ttin g  7 lb f  c en tr a lly  to  the main p a r ts , 
th is  being reacted  through the other lin k s . The system o f fo rces  
i s  shown in  Figure (6 .4 ) .
The applied load was to produce a maximum fr in g e  order a t the t e s t  
se c t io n  o f  the model, w hile  c a r e fu lly  ensuring th at the model did not 
show sig n s o f any lo c a l d isturbance. A fter a fu rther period  o f  30 
minutes the p h o to e la s t ic  readings were taken and the model returned to  
the storage oven u n t i l  required again. A complete d escr ip tio n  o f  the 
o p tic a l system and p h o to e la st ic  ob serva tion s, and nomenclature are 
mentioned in  the Section  (4 .3 ) o f  the Chapter 4.
6 .3 . A nalysis o f Test Data
The technique for  the e lim in ation  o f i n i t i a l  s tr e s s  fo llow ed  in  
th is  Chapter has been developed p rev iou sly  in  Chapter 4. The m ater ia ls  
and ca lib ra tio n  procedures employed here are the same as those o f  the  
e a r lie r  work. Two sec tio n s  were se le c te d  in  the th ree-p o in t loading fo r  
p h o to e la st ic  a n a ly s is , namely, Section  A^ A^  and Section  C^ C^  as i l lu s t r a t e d  
in  Figure (6 .4 a ) . These sec tio n s  are in  the two symmetrical r eg io n s.
In the experim ental a n a ly s is  a ty p ic a l th ree-layered  t e s t  model 
(with c/d  i s  equal to  0 .333) was used.
6 .4 . Evaluation o f  the Bending and Shear S tress Components
The o p t ic a l in ter feren ce  pattern s namely the i s o c l in ic  angles and 
fr a c tio n a l isochrom atic fr in g e  number have been measured fo r  both
se c t io n s  A^ A^  and C^C ,^ as w e ll ,  fo r  the reverse loading system . The 
loaded t e s t  model was placed in  a p o lariscope and was analysed by 
standard p h o to e la st ic  techniques to produce the s tr e s s  d is tr ib u tio n s  
in  each lam inate o f  the model. These experim ental observations are 
tab u lated  in  the fo llow in g  ta b le s , r e sp e c tiv e ly . The adoption o f  th is  
experim ental method has an advantage in  th a t the boundary cond itions  
a t the in ter fa c e  between the two d iss im ila r  m ateria ls are autom atically
s a t i s f ie d .  The r e s u lt s  fo r  the bending and shear s tr e s se s  are i l lu s t r a t e d
\
in  the Figure (6 .5 ) ,  The d is tr ib u tio n  o f s tr e s se s  through the depth o f  
each lam inate o f  the model expressed as fu n ction s o f  Co s26^ -  
^  Cos 2 6 2 ). and y(N^ Sin 28^ - ^  S in 2 0 2 ) are p lo tted  aga in st the depth 
o f  each lam inate. S ince i t  i s  not p o ss ib le  to take any readings in  the 
region  o f the bonding layer  m a ter ia l, th is  can only produce the shear 
s tr e s s e s  at the in te r fa c e s . I t  i s  observed th a t the in t e r fa c ia l  shear 
s tr e s s  i s  not zero but i t  has some f in i t e  va lu e . I t  i s  a lso  found from 
th ese  experim ental observations th at the p o s it io n  o f  the n eutra l ax is  
i s  n ot in  the centre o f  each layer but i t  i s  c lo se r  to the cen tra l a x is .
6 .5 . Sample C alcu lations for Boundary S tress
In a sim ple c a lib r a tio n  experim ent, the average isochrom atic  
fr in g e  number N i s  obtained a t  the outer surface o f the lam inate (b ) , 
which i s  equal to 0 .8 8 . The depth r a tio  for th ree-layered  t e s t  model 
i s  0 .333 . The o p tic a l p rop erties o f A rald ite  CT 200 w ith hardener 
HT 901 i s  already mentioned in  Chapter 4 , which i s  given by 57 lb f / i n 2/  
f r in g e / in ,  and the depth t  i s  0 .3  inch . The average edge s tr e s s  can be 
obtained from equation (4 .1 6 ) , the value for  th at s tr e s s  becomes 
167.2 lb f / i n 2 . The average s tr e s s  value in  the lam inate (b ) , from the  
th e o r e tic a l an a lysis  (1 2 0 . 2  lb f / i n 2) i s  obtained from th e fo llow in g
t>-b
data: m = 0 .4 8 7 , x  -  2 in ch , L = 4 .5  inch , y = -d /2 , w = 7 lb f  and 
d = 0 .3  inch. There i s  a reasonable agreement to  an order o f  28% 
d ifferen ce  between th ese  two r e s u lt s .
6 .6 . D iscu ssion  o f  R esults
The experiments were carried  out on a model as shown in  
Figure (6 .3 ) which d if fe r s  from the model as shown in  Figure (4 .3 ) .
The loading conditions o f a th ree -la y er  model are considerab ly more 
com plicated than those used in  the s in g le - la y e r  model. The sim ple  
e l a s t i c  so lu tio n  p red ic ts  th e fo r c e s  such as transverse shear s t r e s s ,  
bending moment and a x ia l fo rce  in  each lam inate, and th ese  experiments 
have demonstrated th a t the s tr e s s  d is tr ib u tio n s  are s im ila r  to  those  
ca lcu la ted  fo r  each layer., '■
These experiments have found a v era g e 'stresses  which are larger  
than those s tr e s se s  determined fo r  the s in g le - la y e r  model su b jected  to  
fou r-p o in t load ing , in  the region ( i i )  where the bending w ith shear 
force  takes p la ce . Figure (6 .5 ) shows the bending and tran sverse  shear 
s tr e s s  d is tr ib u tio n s  through the depth o f each laminate as demonstrated 
by the p h o to e la st ic  technique.
I t  i s  evident th at each layer  o f  A rald ite  CT 200 p lus HT 901 
ca rr ie s  a bending and transverse shear s tr e s s  d is tr ib u tio n . The va lu e  
o f  the maximum transverse shear s tr e s s  i s  at le a s t  3 .8  tim es the in t e r ­
fa c ia l  shear s tr e s s  in  the bonding la y er . In gen era l, the experim ental 
and a n a ly t ic a l s tr e s s  d is tr ib u tio n s  agree c lo s e ly . However, the  
mechanical behaviour o f  a th re e -la y e r  t e s t  model i s  s im ila r  to  those  
found for  the sim ple s in g le - la y e r  t e s t  model.
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Table No. 6 .1 . P h o to e la st ic  Measurements on a Three-Bonding Layer 
Laminated Composite Beam 
S ta t ic  Load Applied 7 lb  f
Reading P o sitio n  At Section  AjA  ^ and as shown in  Figure (6 .4 )
The depth r a t io  0.333
S.No. Depth o f  N* fo r  A,A. 6. for  A,An N for  CLC. 6, fo r  C.C,
Beam 1 1 1 1  H i  1 1 1 1 16 0 Inches . Fringe order I s o c l in ic  L Fringe order I s o c l in ic  L
1 0 1.020 90° 1.030 90°
2 0.05 ’ 0 .840 88.5° 0.850 89°
3 0 .10 0.650 87° 0.660 87°
4 0.15 0.470 84° 0.480 85°
5 0 .20 0.300 80° 0.310 81°
6 0.'25 0.130 70° 0.130 75°
.7 0 .30 0.080 6° 0.070 7°
8 0.40 0.931 89° 0.950 89°
9 0 .45 0.714 87° 0.730 87°
10 0 .50 0.492 85° 0.510 85°
11 0.55 0 .28 79° 0.290 80°
12 0 .60 0.107 56° 0.110 57°
13 0.65 0.229 9° 0.200 10.5
14 0.70 0.400 2° 0.410 2°
15 0 .80 0.942 89° 0.950 89°
16 0.85 0.688 87° 0.690 87°
.17 0 .90 0.436 84° 0.430 84°
18 0 .95 0.201 75° 0.190 74°
19 1.00 0.125 22° 0.140 20°
20 1.05 0.355 5 .5° 0.370 5°
21 1.10 0.600 1° 0.620 1°
22 1.20 0.963 89° 0.950 89°
23 1.25 0.683 88° 0.670 88°
24 1.30 0.412 84.5° 0.400 84°
25 1.35 0.153 70° 0.140 69°
26 1.40 0.180 11.5° 0.190 11°
27 1.45 0.450 2° 0.460 2°
28 1.50 0.730 0° 0.740 0°
Table No. 6 . 2 .  P h o to e la s t ic  Measurements on a Three-Bonding Layer
Laminated Composite Beam 
S ta t ic  Load Applied 7 lb f
Reading P o sitio n  At S ection s A2A2 and C2C2 as s^own Figure (6 .4 )
The depth r a t io  i s  0.333
S .  No. Depth o f  
Beam
N., fo r  A2A2 02 f0 r  A2A2 ^  fo r C2C2 e 2  fo r  c 2 c 2
Inches Fringe order I s o c l in ic  L e Fringe order I s o c l in ic  L e
1 0 1.020 90° 1.030 90°
2 0 .05 0.840 88.5° 0.850 89°
3 0 .10 0.650 87° 0.660 87°
4 0 .15 0.470 84° 0.480 85°
5 0 .20 0.300 80° 0.310 81°
6 0 .25 0 .130 70° 0.130 75°
7 0 .30 0.080 6° 0.070 7°
•8 0.40 0.931 89° 0.950 89°
9 0 .45 0.714 87° 0.730 87°
10 0 .50 0.492 85° 0.510 85°
11 0.55 0.280 79° 0.290 80°
12 0 .60 0.107 65° 0.110 57°
13 0.65 0.229 9° 0.200 10.5°
14 0.70 0.400 2° 0.410 2°
15 0 .80 0.942 89° 0.950 89°
16 0 .85 0.688 87° 0.690 87°
17 0 .90 0.436 84° 0.430 84°
•18 0.95 0.201 75° 0.190 74°
19 1.00 0.125 22° ' 0.140 20°
20 1.05 0.355 5 .5 ° 0.370 5°
21 1.10 0.600 1° 0.620 1°
22 1.20 0.963 89° 0.950 89°
23 1.25 0.683 88° 0.670 88°
24 1.30 0.412 84.5° 0.400 84°
25 1.35 0.153 70° 0.140 69°
26 1.40 0.180 11.5° 0.190 11°
27 1.45 0.450 2° 0.460 2°
28 1.50 0.730 0° 0.740 0°
Table No. 6.3. Photoelastic Measurements on a Three-Bonding Layer
Laminated Composite Beam
R eferring to the nomenclature as mentioned in  the Chapter 4 , and 
a lso  loading con d ition s are shown in  Figure (6 .4 ) .
The depth r a t io  i s  0 .3 3 3 .
1. No. Depth o f
Beam
Inches
aA • 1 aC2
ar ] /2  
2
acL1 aA2 °2=[aC
1 0 -1 .0 2 0 +0.740 -0 .880 -1 .030 +0.730 -0 .8 8 0
2 0 .05 -0 .839 +0.459 -0 .649 -0 .849 +0.449 -0 .649
3 0 .10 -0 .646 +0.176 -0.411 -0 .656 +0.166 -0 .411
4 0.15 -0 .460 -0 .104 -0 .178 -0 .473 -0 .1 1 7 -0 .1 7 8
5 0.20 -0 .282 -0 .391 +0.055 -0 .295 -0 .4 0 4 +0.055
6 0.25 -0 .100 -0 .668 +0.284 -0 .113 -0 .6 8 1 +0.284
7 0 .30 +0.080 -0 .950 +0.515 +0.068 -0 .962 +0.515
8 0 .40 -0 .9 3 0 +0.620 -0 .775 -0 .950 +0.600 -0 .7 7 5
9 0.45 -0 .7 1 0 +0.364 -0 .537 -0 .726 +0.348 -0 .537
10 0.50 -0 .485 +0.107 -0 .296 -0.502 +0.090 -0 .2 9 6
11 0.55 -0 .260 -0 .161 -0 .050 -0.273 -0 .1 7 4 -0 .050
12 0 .60 -0 .040 -0 .421 +0.191 -0 .045 -0 .426 +0.191
13 0.65 +0.185 -0 .686 +0.436 +0.187 -0 .684 +0.436
14 0 .70 +0.400 -0 .950 +0.675 +0.409 -0 .941 +0.675
15 0.80 -0 .941 +0.409 -0 .675 -0 .950 +0.400 -0 .675
16 0.85 -0 .684 +0.187 -0 .436 -0 .686 +0.185 -0 .436
17 0 .90 -0 .426 -0 .045 -0.191 -0 .421 -0 .040 -0 .191
18 0 .95 -0 .174 -0 .273 +0.050 -0.161 -0 .260 +0.050
19 1.00 +0.090 -0 .502 +0.296 +0.107 -0 .4 8 5 +0.296
20 1.05 +0.348 -0 .726 +0.537 +0.364 -0 .710 +0.537
21 1.10 +0.600 -0 .950 +0.775 +0.620 -0 .930 +0.775
22 1.20 -0 .962 +0.068 -0 .515 -0 .950 +0.080 -0 .515
23 1.25 -0.681 -0 .113 -0 .284 -0 .668 -0 .1 0 0 -0 .284
24 1.30 -0 .404 -0 .295 -0 .055 -0 .391 -0 .282 -0 .055
25 1.35 -0 .117 -0 .473 +0.178 -0 .104 -0 .460 +0.178
26 1.40 +0.166 -0 .656 +0.411 +0.176 -0 .6 4 6 +0.411
27 1.45 +0.449 -0 .849 +0.649 +0.459 -0 .839 +0.649
28 1.5 +0.730 -1 .030 +0.880 +0.740 -1 .020 +0.880
Table No. 6 . 4 .  P h o to e la s t ic  Measurements on a Three-Bonding Layer
Laminated Composite Beam
Referring to the nomenclature as mentioned in  the Chapter 4 , and a lso  
loading con d itions are shown in  Figure (6 .4 ) .
The depth r a t io  i s  0 .333 .
S. No. Depth o f  
Beam
Inches -
\
Tc
2
1 0 0 0
2 0.05 0.044 0.032
3 0.10 0.068 0.071
4 0.15 0.098 0.094
5 0 .20 0.103 0.083
6 0.25 0.084 0.047
•7 0 .30 0.017 0.033
8 0.40 0.032 0.022
9 0.45 0.075 0.064
10 0 .50 0.090 0.090
11 0.55 0.105 0.101
12 0.60 0.099 0.089
13 0.65 0.071 0.072
14 0.70 0.028 0.033
15 0 .80 0.033 0.029
16 0 .85 0.072 0.072
•17 0 .90 0.091 0.100
18 0.95 0.101 0.099
19 1.00 0.087 0.089
20 1.05 0.068 0.076
21 1.10 0.021 0.033
22 1.20 0.034 0.017
23 1.25 0.048 0.065
24 1.30 0.079 0.096
25 1.35 0.098 0.083
26 1.40 0.070 0.069
27 1.45 0.031 0.030
28 1.50 0 0
Ti=tV
Tc J /2  2
TCL1 t2= [ti
ta2
0 0 0 0
0.038 0.030 0.031 0.031
0.070 0.069 0.070 0 .070
0.096 0.083 0.098 0.091
0.093 0.096 0.079 0.088
0.066 0.065 0.048 0.057
0.025 0.017 0.034 0.026
0.027 0.033 0.021 0.027
0.070 0.076 0.068 0.072
0.090 0.089 0.087 0.088
0.103 0.099 0.101 0 .100
0.094 0.100 0.091 0.096
0.072 0.072 0.072 0.072
0.031 0.029 0.033 0.031
0.031 0.033 0.028 0.031
0.072 0.072 0.071 0 .072
0.096 0.089 0.099 0 .094
0.100 0.101 0.105 0 .103
0.088 0.090 0.090 0.090
0.072 0.064 0.075 0 .070
0.027 0.022 0.032 0 .027
0.026 0.033 0.017 0.025
0.057 0.047 0.084 0.066
0.088 0.083 0.103 0.093
0.091 0.094 0.098 0.096
0.070 0.071 0.068 0 .070
0.031 - 0.032 r 0.044 0 .038
0 0 0 0
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Three Bonding Layer Model
CHAPTER 7 
GENERAL DISCUSSION AND CONCLUSIONS
7 . 1 .  A n a ly sis  o f  Lamination Problems
In order to  e x p lo it  the ^mechanical prop erties o f  m a ter ia ls  which 
contain inherent d e fec ts  i t  i s  necessary  to adopt appropriate fa b r ic a tio n  
methods. Considerable advantages can be gained by employing lam ination  
techniques to e lim in ate  the weakening e f f e c t  o f  major fla w s, and 
accordingly  achieve s tru c tu ra l properties which could not be a tta in ed  
by the in d iv id u a l c o n s titu e n ts . In th is  case the adjacent lam inates 
are bonded togeth er  by an adhesive la y er . The in trod uction  o f  th is  
bonding layer i s  a source o f  shear deform ation, which w i l l  in crease  the  
f l e x i b i l i t y  o f  the components, and a lso  provides a p o te n t ia l s i t e  fo r  
the in i t ia t io n  o f  in terlam inar shear fa i lu r e .
The in t e r fa c ia l  shear s tr e s se s  which a r ise  because o f  th e  d if fe r e n t  
e la s t i c  moduli o f  the lam inates and bonding la y e r s , are a sso c ia ted  w ith  
the mechanism by which load i s  transferred  between the components o f  a 
composite beam. An a x ia l fo r c e , T, i s  induced to  the lam inate by the  
shear s t r e s s ,  t , and th erefore  for  s t a t i c  equilibrium  in  the lo n g itu d in a l 
d irectio n
§ . +  T -  0 (7 .1 )
In preceding chapters i t  has been demonstrated th a t the form and 
value o f  th ese  fu n ction s can be determined by the in t e r fa c ia l  geometry 
and the p h ysica l p rop erties  o f  the m ateria ls which are in vo lved . I t  i s  
c lea r  th a t a r e la t iv e ly  d e ta ile d  knowledge o f the s tr e s s  d is tr ib u tio n  
induced by the applied  transverse load i s  required , i f  the r e la t iv e  
importance o f shear stren g th , s t i f f n e s s  and modes o f  fa i lu r e  are to  be 
a ssessed .
Many p r a c tic a l composite stru ctu res incorporate lam inates which 
are o r ien ted , to take advantage o f  the preferred  d ir e c tio n s  in  which 
the b e s t  p ro p erties  can be obtained. This form o f con stru ction  i s  
w idely  used in  the fa b r ica tio n  o f  plywood and preimpregnated g la ss  or 
carbon fib r e  re in forced  p a n e ls .
In the p resen t research work, both th eo r e tic a l and experim ental 
analyses have been planned to  study the deformation behaviour o f th ick  
lam inated composite beams, s in ce  the behaviour c h a r a c te r is t ic s  are 
q u ite  d if fe r e n t  from the corresponding homogeneous or is o tr o p ic  beams. 
Two analyses o f  laminated composites are d iscussed  in  the fo llow in g  
s e c t io n s , then conclusions are reached based on the observations made, 
and the e n tir e  research work i s  considered in  the p ersp ectiv e  o f the  
fa c to r s  which are necessary  to  properly in terp re t the experim ental 
t e s t s .
7 .2 . D iscu ssion  o f  T heoretica l R esults
In the th e o r e tic a l an a lysis  both s in g le  and t r ip le  bonding layer  
laminated beams were subjected  to  two d if fe r e n t  transverse loading  
con figu ra tion s; namely, c a n tile v e r  w ith transverse end load and fou r-  
p o in t bending. Both load con figu ration s were analysed by a sim ple  
e la s t i c  so lu t io n . The c a n tilev e r  w ith transverse end load provides  
the s im p lest p o ss ib le  deformation model when compared w ith th e so lu tio n s  
o f more p r a c t ic a l con figu ra tion s. The main advantage o f  th is  model i s  
th a t the boundary conditions are straightforw ard and w e ll known, and 
a lso  provide s a t is fa c to r y  r e su lts  e sp e c ia lly  for  the plane s tr e s s  
problem in  such laminated beams.
Although the so lu tio n  o f  th is  problem i s  r e la t iv e ly  s im p le , the  
author has been unable to  fin d  any previous work y ie ld in g  s tr e s s  
valu es w ith  which a d ir e c t comparison can be made. T herefore, i t  i s
important to  consider the fou r-p o in t loading model. This model i s  
d if fe r e n t  in  i t s  loading system and boundary co n d ition s. Both modes 
o f  loading are considered in  order to  determine the in t e r fa c ia l  
shear s tr e s s  d is tr ib u tio n s  which govern the in tera c tio n  o f the fo rces  
in  the lam inates.
7 .2 .1 .  The Shear Load-Transfer Mechanism fo r  Single-L ayer M odels.
In the design  o f  the model, i t  was considered th at in  a sim ple  
laminated composite beam subjected  to  transverse end load , the  
lam inates (high-modulus m ateria l) carry the bending moment, a x ia l force  
and tran sverse  shear fo r c e , w hile the bonding layer (low modulus 
m a ter ia ls) tra n sfers  the force  from one lam inate to  another by means 
o f  in t e r fa c ia l  shearing s tr e s s e s .  The re la ted  equation (7 .1 ) i s  s ta ted  
in  the beginning o f  th is  Chapter. This kind o f equation was assumed 
fo r  the sandwich beam by both N orris e t  a l[4]and  Kemmochi and Uemura[12]. 
Since the in trod u ction  o f  bonding layer  in  the laminated com posites, i t  was 
decided to  form ulate an expression  using the sim ple e la s t i c  s t r e s s - s t r a in  
r e la t io n sh ip  to  g iv e  shear s tr e s se s  at the in te r fa c e .
Adopting the same kind o f assum ptions, i t  was decided to  v e r ify  whether 
the ex p ressio n (3 .12) fo r  the in ter fa c e  shear s tr e s se s  would be v a lid  
fo r  another load configu ration  such as fou r-p o in t bending. This load  
system was d iv ided  in to  two regions (I) and ( i i )  , where the boundary 
con d ition s o f  th ese  two regions are interdependent. N orris e t  a l [ 4 ] ,  and 
Kemmochi and Uemura[12], have considered th e same boundary co n d itio n s , 
but have not derived the shear s tr e s s  expression  in  the in d iv id u a l  
r eg io n s , and thus have not s a t i s f ie d  the boundary con d ition s p rop erly . 
Therefore i t  was proposed to  develop by sim ple e la s t ic  so lu tio n  fo r  the  
fo u r-p o in t loading case and compare the r e su lts  w ith the so lu tio n  fo r  the  
c a n tilev e r  beam.
The in t e r fa c ia l  shear s tr e s s  equation (3 .25) i s  obtained fo r  the
reg ion  ( i )  where the uniform bending moment i s  ap p lied . For the same
•  •
loading case the equation (3 .29) i s  esta b lish ed  fo r  th e region  (II)  
where the bending moment i s  combined with the shear fo r c e . Not 
su rp r is in g ly  the constant c o e f f ic ie n t  MmM in  which the geometry o f  the  
lam inates and the bonding layer  i s  involved was found in  both equations 
(3 .25) and (3 .29 ) to  be id e n t ic a l to the constant in  equation (3 .1 2 ) .
Figure ( 3 .6 ) - shows the in te r fa c ia l  shear s tr e s s  d is tr ib u tio n  in  
the bonding layer  fo r  a ca n tilev e r  beam, ca lcu la ted  fo r  sev era l depth 
r a t io  (c /d ) v a lu e s , 0 .0 8 7 , 0 .182 and 0 .286 . The s tr e s s  " tm has the  
valu e zero a t the f ix e d  end x = o . I t  v a r ie s^ * ^ * ^ '> ^ h r o u g h  the length  
o f  the in te r fa c e s  and reaches a maximum value a t  the load p o in t. I t
should be mentioned th a t both in ter fa c e  m ateria ls are in  the e la s t i c
s ta te .  I t  i s  p o ss ib le  to  determine the c r i t i c a l  value o f  the shear  
s tr e s s  a t the in te r fa c e , i f  the modes o f  fa ilu r e  o f  such composite are 
required .
S im ila r ly , fig u re  (3 .11) shows the shear s tr e s s  d is tr ib u tio n  in  a
single-bon ding layer  fo r  both regions ( i)  and ( i i ) . At the ju nction  o f
th ese  two reg io n s, the value o f  s tr e s s  i s  id e n t ic a l although the boundary 
cond itions are dependent. The lam inates are com pletely bonded togeth er  
by an adhesive la y er , and the boundary conditions were u t i l i s e d  p rop erly , 
the shear s tr e s s  d is tr ib u tio n  v a r ies  in  f a s h i o n  from the o r ig in a l
p o in t, through the length o f  in te r fa c e s , and reaches a maximum valu e a t  
the end load , as i t  was found in  the ca n tilev er  beam. The o v e ra ll  
d iffe re n c e  between th ese  two equations (3 .13) and (3 .37) i s  o f  the order 
o f ± 5%. This d ifferen ce  i s  p red icted , s in ce  the boundary con d ition s are 
q u ite  d if fe r e n t  between the two loading system s. This might not be the  
case i f  the m aterial prop erties were changed.
7 . 2 . 2 .  The Shear Load-Trarisfer Mechanism fo r  Three-Layer Models
An e la s t ic  so lu tio n  fo r  the behaviour o f  the s tr e s se s  in  a th ree-  
layer  laminated model has been developed on the b a sis  o f the previous 
work. However, the importance o f  th ese  s tr e s se s  has been w e ll 
esta b lish ed  by the p resen t author in  the bending problem. In th is  
s e c t io n , the shear mechanism a t the in ter fa c e s  under the tran sverse end 
load i s  analysed. I t  i s  shown th at th is  mechanism i s  stro n g ly  in flu en ced  
by the presence o f  the interlam inar shear s tr e s s e s . These shear s tr e s s e s  
are d is tr ib u te d  on the fa ces  o f  the la y e rs .
The so lu tio n  o f  equations (5 .24) and (5 .25) under the same boundary 
con d ition s as used fo r  the c a n tile v e r  beam w ith transverse end load i s  
determined fo r  both lam inates (a) and (b ). Values fo r  the in t e r fa c ia l  
shear s tr e s s e s  have been computed fo r  the fo llow ing  dimensions o f  th is  
com posite beam c/d  = 0 .333 , modulus o f  r ig id i t y  o f  bonding layer  i s  
185 p s i ,  modulus o f  e la s t i c i t y  o f  lam inates i s  4 .8  x 106 p s i .  These 
valu es were se le c te d  in  order to  compare the three-bonding layer  
so lu tio n  developed in  Chapter 5 , w ith that so lu tio n  presented in  Chapter 3.
The ca lcu la ted  r e su lts  fo r  th e shear s tr e s s  d is tr ib u tio n  fo r  each 
lam inate are shown in  fig u re  (5 .8 ) .  I t  i s  found that the v a r ia tio n  in  th  
in t e r fa c ia l  shear s tr e s s  d is tr ib u tio n  i s  alm ost as pred icted  fo r
the single-bon din g la y er . Whereas the e s s e n t ia l  fea tu res o f  th ese  
interlam inar shear e f fe c t s  are s im ila r  to  those found fo r  th a t sim ple  
model. I t  i s  noted th a t the load i s  transferred  by the shear s tr e s s  a t  
the in te r fa c e s  w ith the same magnitude as i t  was assumed fo r  th e e la s t i c  
s ta te .
S im ila r ly , f ig u re  (5 .17) shows the interlam inar shear s tr e s s  
d is tr ib u tio n  in  a three-bonding layer  model, fo r  both reg ion s (i) and ( i i )  
as was considered for  the fou r-p o in t loading system. I t  i s  found th a t  
the value o f  those s tr e s se s  a t the junction  o f  the two reg ion s i s
id e n t ic a l .  Furthermore i t  i s  noted th a t the shear s tr e s s  equations 
(5 .57 ) aiid (5 .58) are obtained fo r  the region (I) where the constant 
bending moment takes p la ce . Whereas the equations (5 .71) and (5 .72) fo r  
the same s tr e s se s  are e sta b lish ed  fo r  the region (II) where the bending 
moment w ith shear fo rce  takes p lace "m” i s  the constant c o e f f ic ie n t  
in  which the geometry o f th is  laminated beam i s  invo lved . I t  i s  found 
th a t th is  c o e f f ic ie n t  i s  id e n t ic a l to the constant in  equations (5 .24)  
and (5 .2 5 ) . A ll th ese  th e o r e tic a l r e s u lt s  serve as a guide to under­
standing the shear mechanism between layers o f a laminated composite 
beam.
7 .2 .3 .  Bending and Transverse Shear S tress D istr ib u tion  fo r  S in g le -  
Layer Model.
The problem <>£ s tr e s s  d is tr ib u tio n  through the depth o f  each lam inate  
under the transverse end load has been solved  by the sim ple e la s t ic  
so lu t io n . The complete so lu tio n  o f th is  composite m ateria l problem was 
developed, under the fo llow in g  assumptions th at each lam inate was su bjected  
to  three force  components such as the lon g itu d in a l and tran sverse  shear  
fo r c e s , and the bending moment, as w ell as the shear force  o f  the bonding 
layer  corresponding to those three fo rces  considered.
Figures ( 3 .7 ) ,  (3 .8 ) and (3 .9 ) show ty p ic a l bending s tr e s s  o and
A
shear s tr e s s  t  d is tr ib u tio n s  through the depth o f  each lam inate, ca lcu la ted  xy
fo r  sev era l depth r a t io s  (c /d ) 0 .0 8 7 , 0.182 and 0 .286 . I t  i s  ev ident 
th at the in trod uction  o f the bonding layer causes the in t e r fa c ia l  shear  
s tr e s s  in  the adhesive. Due to th is  shear s t r e s s ,  the value o f  the
bending s tr e s s e s  at the in ter fa c e s  becomes sm aller than the va lue o f  the
surface bending s t r e s s .  The p o s it io n  o f the n eutral ax is i s  moved 
towards the cen tra l ax is o f the composite beam. I t  i s  noted th a t the  
value o f th is  ax is  i s  co in cid ent w ith the value o f the maximum tran sverse
shear s t r e s s .  The transverse shear s tr e s s  through the depth o f  each
lam inate has a parabolic  p r o f i le .  The value o f  maximum transverse  
shear s tr e s s  i s  a t  le a s t  3 .7  tim es the in te r fa c ia l  shear s t r e s s .
Figure (3 .10) shows the p o s it io n  o f  the neutral a x is , ca lcu la ted  for  
sev era l depth r a t io s  (c /d ) 0 .0 8 7 , 0 .182 and 0 .286 . I t  i s  found th a t i t  
v a r ie s  l in e a r ly  along the length o f  the lam inate and i t  becomes 
n e g lig ib le  under the load p o in t.
Figures (3 .1 2 ) , (3.12A) and (3.12B) show ty p ica l bending s tr e s s
a'x  d is tr ib u tio n s  through the depth o f  each laminate in  the region  ( i ) , 
where the uniform bending moment takes p la c e . S im ila r ly , f ig u re s  (3 .1 4 ) ,  
(3 .15) and (3 .16 ) show the transverse bending and shear s tr e s s  d is tr ib u tio n  
across the depth o f  each lam inate in  the region ( i i )  where the bending 
w ith shear force  a c ts  ca lcu la ted  fo r  sev era l depth r a t io s  (c /d ) 0 .0 8 7 ,
0.182 and 0 .2 8 6 . I t  i s  ev ident th a t the value o f the bending s tr e s s  at 
the in te r fa c e s  i s  sm aller than the value o f  the surface bending s t r e s s .  
Whereas the p o s it io n  o f  neutral ax is i s  o f f - s e t  from the centre o f  the  
lam inate. I t  i s  co in c id en t w ith the value o f  the maximum shear s t r e s s .
The tran sverse  shear s tr e s s  through the depth o f  each lam inate g iv es  a
p arab olic  p r o f i le .
7 .2 .4 . Bending and Transverse Shear S tress D istr ib u tion  fo r  Three-Layer 
Model.
The ty p ic a l bending s tr e s s  and transverse shear s tr e s s  d is tr ib u tio n  
in  each lam inate i s  shown in  fig u re  (5 .9 ) .  I t  i s  ev ident th at the  
in trod u ction  o f  a number o f bonding layers causes the s tr e s s  p attern  
to  d i f f e r  s ig n if ic a n t ly  from the s tr e s s  pattern  reported fo r  a s in g le  
bonding layer in  Chapter 3. I t  can be seen th a t the s tr e s s  d is tr ib u t io n  
does take in to  account in t e r fa c ia l  shear s tr e s s  in  the bonding la y e r s , 
which i s  t& = 1.333 as i t  was assumed fo r  equations (5 .1 4 ) , and (5 .1 5 ) .
Moreover, i t  i s  noted th a t in  such com plicated stru ctu res  the va lu e
o f  the bending s tr e s s  i s  sm aller than the . s t r e s s .  Whereas the 
p o s it io n  o f  the n eu tra l a x is  i s  o f f - s e t  from the cen tra l ax is  o f  the 
lam inate, and i s  co in cid en t with the lo ca tio n  o f  the maximum 
tran sverse  shear s tr e s s  va lu e . This i s  a lso  shown in  fig u re  (5 .9 ) ,  
where i t  can be seen th at the f i n i t e  number o f bonding layers does not 
a f f e c t  the behaviour o f the s tr e s s e s .  The bending moment i s  carried  
by fo rces  and moments in  the in d iv id u a l lam inates.
N orris e t  a l [ 4 ] h a v e  considered the problem o f  composite m ateria ls  
subjected  to fo u r-p o in t bending w ith extended ends. S im ila r ly , Kemmochi 
and Uemura[12] have a lso  considered the same kind o f problem but they  
have n ot mentioned the shear s tr e s s  d is tr ib u tio n s  in  th e region  ( i ) , 
where the constant bending moment takes p la ce , although they considered  
the same boundary conditions fo r  th a t region  (I) as used by N orris e t  a l [ 4 ] .
Figure (5 .18) shows the ty p ica l bending s tr e s s  d is tr ib u tio n  through
the depth o f each laminate in  the region  ( i ) ,  ca lcu la ted  fo r  the depth 
r a t io  (c /d ) = 0.333 va lu e . The equations (5 .60) and (5 .62) were explained  
fo r  the lam inate (b) and (a) r e sp e c tiv e ly . The so lu tio n  o f th ese  equations 
based upon the previous assumptions as mentioned in  Chapter 3. I t  can be 
seen th a t above equations fo r  each layer  are com pletely s a t i s f ie d  by 
those boundary con d ition s which were u t i l i s e d  by [4] and [12 ].
Figure (5 .20) shows the bending and transverse shear s tr e s s
d is tr ib u tio n  in  the lam inate (b) and (a) fo r  the region ( i i )  where the
bending w ith shear force  takes p la ce . Whereas the boundary con d ition s
•  •  •
fo r  both regions (I) and (II) are dependent. The d ifferen ce  between
the two separate r e s u lt s  fo r  s tr e s s  d is tr ib u tio n s  as shown in  f ig u re s
(5 .9 ) and (5 .20) fo r  c a n tilev er  and fou r-p o in t loading systems i s  th e
± 5% p red ic ted , although the boundary conditions are q u ite  d if fe r e n t
from each oth er. I t  i s  noted th at th ese s tr e s s  analyses provide a convenient
means fo r  analysing laminated composite beams from a single-bonding  
layer  to  a given  f i n i t e  number o f bonding la y ers . However the analyses  
presented  in  th is  th e s is  are founded by the rigorous assumptions th a t  
have been made.
7 .3 . D iscussion  o f Experimental R esults
A s e r ie s  o f  p h o to e la st ic  t e s t s  has been carried out on the  
r esp e c tiv e  composite Yearns and are mentionedin Chapters 4 and 6, in  
order to v a lid a te  the sim ple e la s t ic  so lu tio n s  which are developed  
in  Chapters 3 and 5. The experim ental technique was used fo r  determining  
the in tern a l plane s tr e s s e s  in  the f ib r e  rein forced  composite m a ter ia ls . 
The main advantage o f  th is  technique i s  that the boundary con d ition s o f  
the in te r fa c e  are au tom atically  s a t i s f ie d  provided a f u l l  bond between 
th e two d is s im ila r  layers o f  laminated composites i s  m aintained. However, 
other experim ental methods, such as a n a ly sis  by means o f  the moird s tr a in  
method [21 , 2 2 ], and various s tr a in  gauges methods [2 3 ] , have a lso  been 
attem pted. These methods are not commonly used , because o f  the  
d i f f i c u l t i e s  encountered in  determ ining the in tern a l s ta te  o f  s tr e s s  in  
such composite beams.
Experimental t e s t s  were carried  out on the models whose depth 
r a t io  (c /d ) va lu es are 0 .0 8 7 , 0 .182 and 0 .286 . The bending and transverse  
shear s tr e s s  d is tr ib u tio n s  through the depth o f  each /Layer are i l lu s t r a t e d  
in  fig u res  (4 .1 0 ) , (4 .11) and (4 .12) for  a single-bon din g la y er . I t  
should be noted th a t the adhesive layer  carr ies  considerab le in t e r fa c ia l  
shear s t r e s s .  I t  can be seen th at the in trod uction  o f th is  la y er  causes  
a shear s tr e s s  p attern  which d if fe r s  s ig n if ic a n t ly  from the s tr e s s  pattern  
in  the homogeneous and iso tr o p ic  beams. In gen era l, the experim ental and 
a n a ly t ic a l s tr e s s  d is tr ib u tio n s  agree c lo s e ly .
I t  i s  evident from th ese  t e s t s  th a t each laminate behaves as an
is o tr o p ic  beam as was assumed in  th e sim ple theory. Each elem ent o f  
th is  layer  i s  su bjected  to  bending moment, a x ia l and tran sverse  shear 
fo r c e s . I t  g iv es  the bending s tr e s s  d is tr ib u tio n  and transverse shear s tr e s s  
p arab olic  p r o f i l e .  Due to the in te r fa c ia l  shear s tr e s se s  in  the adhesive  
la y er , the p o s it io n  o f  the n eutral a x is  i s  o f f - s e t  from the cen tre , and 
i s  co in c id en t w ith th e maximum value o f  shear s t r e s s .
Figure (6 .5 ) shows the bending and transverse shear s tr e s s  
d is tr ib u tio n  through the depth o f  each lam inate o f  the three-bonding  
layer  model, having the same geometry as was assumed in  the th e o r e t ic a l  
a n a ly s is . These s tr e s s e s  d i f f e r  from those s tr e s se s  which were observed  
fo r  a s in g le - la y e r  model in  the region  ( i i )  where bending w ith shear takes  
p la c e , s in c e  the loading conditions are considerably more com plicated. 
However, the experim ental and a n a ly t ic a l s tr e s s  d is tr ib u tio n s  agree 
c lo s e ly ,  whereas the mechanical behaviour i s  found to  be s im ila r  between 
the two t e s t  m odels.
7 .4 . Conclusions
S a lie n t  P oints o f  the Work Undertaken
1. In the present research work, a th e o r e tic a l an a ly sis  fo r  laminated
composite beams co n s ist in g  o f a f i n i t e  number o f  bonding la y e r s ,
subjected  to  the bending w ith transverse shear force  has been
developed which i s  based on the B ernoulli-E ular theory.
2. Consequently, the theory developed here has been found to  be 
e f f e c t iv e  in  exp la in ing the behaviour o f s tr e s se s  in  lam inated beams 
fo r  both sim ple and complex geom etries.
3 . The laminated composite beams were sim ply connected w ith e la s t i c
bonding la y e rs , and then th ese models were te sted  by a two-dim ensional 
p h o to e la st ic  technique. The p h ysica l models had the same dim ensions 
as were assumed in  the th e o r e t ic a l a n a ly s is  and the same s e c t io n s
. have been considered for  a n a ly s is .
4. The in v e s t ig a t io n  has shown th at the bending s tr e s s  a t the 
in te r fa c e  i s  le s s  than th a t a t the fr e e  surface o f the lam inate 
by up to  ± 18%.
5. The shear s tr e s s  a t the in te r fa c e  has a f in i t e  value and the neutral 
ax is o f each lam inate i s .n o t  ex a ctly  in  the middle but somewhat c lo ser  
to  the cen tra l ax is o f  the la y er .
6. The experim ental r e s u lt s  gave r i s e  to  a parabolic  shear s tr e s s  
d is tr ib u tio n  in  the p h ysica l model and hence v a lid a ted  th e present 
sim ple e la s t ic  so lu tio n .
7 .5 . Suggestions fo r  Further Work
The work, presented in  th is  th e s is  has been undertaken fo r  models 
with both s in g le  and three-bonding la y e rs . These models were subjected  
to  tran sverse bending load . The p h o to e la st ic  t e s t s  carried  out in  the  
present research were two-dim ensional and did not y ie ld  any th ree-  
dim ensional data. This i s  due to the d i f f i c u l t i e s  encountered in  
preparing composite three-dim ensional p h o to e la st ic  models and th e ir  
corresponding load in g  system s. As the composite m ateria ls would 
n e c e s sa r ily  have d if fe r e n t  mechanical p ro p er tie s , the shrinkage o f  the 
two d is s im ila r  composite m a ter ia ls , on reducing the lam inate to  room 
temperature a t the conclusions o f  the s tr e s s  freez in g  c y c le s ,  would s e t  up 
in tern a l s tr e s se s  which would r e s u lt  in  res id u a l fr in g e s . I f  a fa b r ica tio n  
technique can be developed to  enable the lam inates to be properly a lign ed  
with the bonding la y e r s , then a three-dim ensional p h o to e la st ic  t e s t  can 
be carried  out to  confirm the p resen t r e su lts  for  beams or laminated p la te s .
The laminated composite model can be used to  study s tr e s s  concen tration  
problems for  various geom etrical shapes, and thus the p o ss ib le  modes o f  
fa i lu r e  o f  such composite might be p red icted . Also a s im ila r  study could  
a lso  be carried  out w ith the model being subjected  to  transverse lo a d [1 2 ].
APPENDIX A
T h eo re tica l A n a ly s is  fo r  a S in g le  Layer Laminated Beam
In order to obtain  the complete so lu tio n  for  the shear s t r e s s  
d is tr ib u tio n  in  a laminated c a n tile v e r  beam w ith a s in g le  bonding 
la y e r , i t  i s  necessary  to introduce the boundary con d ition s in to  
the fo llow in g  general expression  fo r  the in te r fa c ia l shear s tr e s s ;
t = A Cosh m x + B Sinh m x + 3 ( d+c ) -----
£3(d+c)2+d2]
(A.l)
A . l . Boundary Conditions
The in tern a l lam inate parameters at the f ix ed  end and a t  the  
loading p o in t o f  the c a n tilev e r  beam are
Y
At x = o 
dT
dV
35T = o
V = o 
M = W.L
L
(x)
( i i )
( i i i )
Civ)
and, At x = L 
d2V M
dx2 E. I 
T
= o
dU -  -  n
Hx ~ ETcT
(v)
(v i)
A .2. In tegration  Constants fo r  S in g le  Bonding Layer (c a n t ile v e r )
Where x = o, and t = o , because the stru ctu re  i s  sym m etrical. Then 
from equation ( A .l ) ,  the in teg ra tio n  constant w i l l  be
3(d+c).W ____  (A. 2)A = -
[3(d+c)2 + d2]
A-Z
The bending moment eq u ilib r iu m  equation  i s
EI d*V _ dM .  (d*c)_ W
dx3 dx 2 2
S u b stitu tio n  o f  equation (A .l) in to  equation (A .3) g iv es  
EI = - ^2 " ' [A Cosh m x + B Sinh m x] - ------
dx3 z 2 [3(d+c)2 + d2]
(A. 4)
The in teg ra tio n  o~f equation (A .4) i s
EI — -  = [A Sinh m x + B Cosh m x ]   + C
dx2 2 ’m 2 [3(d+c)2 + d2]
(A .5)
d2VVhere x = L, and ------ = o , then from equation (A.5) the in teg ra tio n
dx2
constant w il l  be equal to
C = — ——‘ [a Sinh m L + B Cosh m L] (A .6)
2 [3(d+c) 2 + d2] 2 ‘m
S u b stitu tin g  the value o f  in teg ra tio n  constant "C" from equation (A .6)
in to  equation (A.5) y ie ld s
M = EI ~ [ A  (Sinh m x - Sinh m L) + B (Cosh m x -  Cosh m L)] 
dx2
+ d2W. (L-x)  ^  ^
2 [3(d+c)2 + d2]
The r e la t io n sh ip  between the ro ta tio n  and the shear s tr a in  i s  given by
it _ (d+c) dv c _
2 * Hx " 2G * T A^*8^
D iffe r e n tia t in g  equations (A .l) and (A .8) with resp ect to  x r e s p e c t iv e ly ,  
g ives  
dx
dx = A.m. Sinh m x + B.m. Cosh m x (A .9)
S u b stitu tio n  o f  equations (A .7) and (A .9) in to  equation (A .10), and
T dUcomparing w ith  the r e la t io n sh ip  , i t  f in a l ly  fo llo w s th at
T5—-r = 4 -^ = [— (Sinh m x -  Sinh m L) + — (Cosh m x -  Cosh m L) ]E.d dx 4EI Lm v ' m
A d2 (d+c) .W.(L-x) C fa c *  u d n 1+ —  --------   --- —  - rrrr [A.m. Sinh m x + B.m. Cosh m x]
4E I[3(d+c)2 + d2] b
(A. 11)
where x = L and = o . Then from equation (A.11) the in teg ra tio n
constant w il l  be equal to
B = - A tanh m L . (A .12)
S u b stitu tin g  the value o f  in teg ra tio n  constants A and B from equations
[A.2) and (A .12) in to  equation (A .11), leads to the non-dim ensional
expression  which i s  given by
c c
T cP |-tanh m L COsh in x -  Sinh m Xj + 3(l+g-)(L-x)
W d [3 ( l+ |)  +1] 111 d [3 (l+ f)  +1]
(A .13)
S im ila r ly , su b stitu tin g  the value o f  in teg ra tio n  constants A and B 
from equation (A .2) and (A .12) in to  equation (A .7 ) , lea d s to the fo llow in g  
expression  fo r  bending moment
M _ "3r_______  rtanh m L Cosh m x -  Sinh m x-. t (L-x)______
W 2 [ 3 ( l+ j ) 2 + 1] m 2 [3 (1 +| ) 2+1]
(A .14)
Four-Point Bending
The boundary conditions are introduced in to  the fo llow in g  b a s ic
eq u ation s ( 3 .2 5 ) ,  in  order to  determ ine the in te g r a t io n  co n sta n ts
T1 = Sinh m x i  + B Cosh m Xj (A. 15)
A .3 . Boundary Conditions
The in tern a l parameters a t  various p o in ts o f  the fo u r-p o in t loading  
model are
■ x - -
(id
At Xj = o
U1 = o
Ti = 0
dY
a r =  ei
( i )
Cii)
= o ( i i i )
At x2 = L2
d2V,
dx2
dU,
dx
= o
= o
( i)
( i i )
At the junction  o f  two regions ( i )  and ( i i )
At x, = L1 , and x? = o
dV dV.
Ti = t 2> = U2 , Tx = T2 , Ml = M2> 3 ^  = 3 ^  and = V,
A .4. Evaluation o f  In tegration  Constants in  the Region ( i )  
Where x  ^ = o and = o , then from equation (A .15) i s  
= o (A .16)
A-5
S u b stitu tin g  the value o f  in teg ra tio n  constant 'B^1 from" 
equation (A. 16) in to  equation (A .15) y ie ld s
T1 = ^1 Sinh 111 xi  (A. 17)
The lon g itu d in a l force equilibrium  i s
dTi
a r  -  - Ti  (A-18)
S u b stitu tin g  equation (A .17) in to  equation (A .18) i t  fo llow s
..d Tl
= -  Aj Sinh m x ^  (A. 19)
The in teg ra tio n  o f  equation (A. 19) i s
^1T^  = -  —  Cosh m x  ^ + (A.20)
R eferring to the fig u re  A l, the uniform bending moment a t the 
ju n ction  o f  two regions ( i )  and ( i i )  i s
Mq = 2 Mx + (d+c) T 1 (A .21)
S u b stitu tio n  o f equation (A .20) in to  equation (A .21) g ives
M ( A 'i A-i 
M1 = T ~  + T  tin Cosh m xi  " c i ]  (A- 22)
D iffe r e n tia t in g  equation (A .17) w ith resp ect to x i s
dTi  '
= A1 .m. Cosh m x , (A.23)dx ~ l* m* 111 "1
R e-w riting the d if fe r e n t ia l  equation (A .10) for  the region  ( i ) ,
Ti  duiand comparing w ith the re la tio n sh ip  g—^  , i t  f in a l ly  fo llo w s th a t
r  d t . , ,  , d2V. T.
——  L = C^+c) ___ ]_ _ i  ( n 24^
2G‘ dx 2 • , 2 E.d
d2Vl  12where ------- =------- M.., th erefore equation (A .24) w i l l  be
dx2 E. d3
A-6
c dTl  _ 6(d+c) „ '*1 ' , ,
2G‘ dx " jr~[5 1 '  E.d (A .25)
S u b stitu tin g  the equations (A .2 0 ), (A.22) and (A .23) in to  equation  
(A .2 5 ), g ives the value o f  in teg ra tio n  constant
c = , 3(d+c)  _ M (A .26)
[3(d + c)2 + d2] 0
where MQ = W.L  ^ -  constant bending.
A .5. Evaluation o f In tegration  Constants in  the Region ( i i )
Introducing the boundary conditions in to  the fo llow in g  b a s ic  
equation (3 .2 9 ) , in  order to  determine the in teg ra tio n  con stan ts, 
.g ives
3(d+c).W •
t2 = A2 Cosh m x2 ♦ B2 Sinh m x2 + [3(d+c)2 + d2] (A .27)
At the ju nction  o f  two regions ( i )  and ( i i ) , where x^ = and
X2  = 0 , equations (A .17) and (A .27) y ie ld
t9 = A9 + -----?{d*c)---------  . W = t-i = A-. Sinh m L-,
2 2 [3 (d + c)2 + d2] 1 1 1
So that
A9 = A., Sinh m L .  --------- W (A .28)
2 1  1 [3(d+c)2 + d2]
The lo n g itu d in a l force equilibrium  equation in  the region  ( i i )  i s
d T 2
dx-  ~ ~ t 2 (A- 293
S u b stitu tio n  o f  equation (A.27) in to  equation (A.29) g ives
dT
-r~* = - A9 Cosh m x 9 - B9 Sinh m x9  ^-----  (A .30)
dX 2 2 2  2 [3(d+c)2 + d2]
The in teg ra tio n  o f  equation (A .30) i s
A -7
A2  B2  3(d+c).W.X2
T0 = - —  Sinh m x9 - —  Cosh m x9 ----------------------------+ C9' (A .31)
2 m 2 m 2 [3(d+c)2 + d2 ] 2
At the ju nction  o f  two regions ( i )  and ( i i ) , where x^ = and X2  = o,
eq u ation s(A .2 0 ), (A .26) and (A .31) y ie ld
B 3(d+c).M A
T, = -  —  + C, = T ,  = —------------- ----------- ==- Cosh m x, (A .32)
2 m 2 1  [3(d+c)2 + d2] “  1
From equation (A .32) i s
3(d+c).M A B
C, =  -------------- -------   - —  Cosh i l ,  + -  (A.33)
2 [3(d+c)2 ♦, d2] “  1 “
where = W.L„
S u b stitu tin g  the value o f  in teg ra tio n  constant "C2 " from equation  
(A .33) in to  equation (A .32) g ives .
T2  = - jjj- [A2  Sinh m X2  - B2  (1 - Cosh m X2 ) + A^  Cosh m L^]
+ -----3 (_d+c) .W ( j (A 34)
[3(d+c)2 + d2] 2 2
The shear fo rce  equation fo r  the region ( i i ) , from equation (3 .26 ) i s
.  W ,  .
dx 2 * T2 2
S u b stitu tio n  o f  equation (A.27) in to  equation (A .35) g ives
. . dM9 *, «. , .
-r—  = —y - - [A9 Cosh m x9 + B0 Sinh m x9] ----------------:-----------  (A. 36)
X 2 2 2 2 2 2 [3 (d + c)2 + d2]
The in teg ra tio n  o f  equation (A .36) i s
f'H+r'l d2W.x9
M9 = 9- -  [A9 Sinh m x9 + B9 Cosh m x9] ----------------------------- + D0
2 . 2 -m 2 2 2  2 2 [3 (d + c)2 + d2] 2
(A .37)
At the ju nction  o f  two regions ( i )  and ( i i ) , where x  ^ = and X2  = o, 
equations (A .22), (A .26) and (A.37) y ie ld
M9 = ( p s i  B + D9 = M, = ------------------    +_(d+c)_ ^  1 Cosh m J
2 2.m 2 2 1 2 [3 (d + c)2 + d2] 2 m
(A
where Mq = ^rom equation (A. 38)
d?W. L, , ,  ,
D, =  ------- =---------------+ l °  „J [A, Cosh m L. -  B ,] (A
1 2 [3 (d+c)2 + d2] 1 2
S u b stitu tin g  the value o f  in teg ra tio n  constant "i^11 from equation  
in to  equation (A .37) i t  fo llow s
^2 = ^2*nP'~ ^ 2  m x2 + B2 ^  ~ Cosh m X2 ) + A  ^ Cosh m L ]^
d2W.(L2“X2)
+ -------------------------  (A,
2 [3 (d+c)2 + d2]
R e-w riting the equation (A .25) fo r  the region ( i i )  g ives
E .c .d . dT2 _ 6Cdtc)
2G dx " .2 2 2 lA
D iffe r e n tia tin g  equation (A .27) w ith resp ect to  x g ives  
d t2
= A2  m Sinh m X2  + B2  m Cosh m X2  (A.
S u b stitu tio n  o f equations (A.3 4 ), (A.40) and (A.42) in to  equation
gives
2 2
[A2 Sinh m x2 -  B2  (1 - Cosh m x2) + A.^  Cosh n
dtm
E*2 'G ‘^m tA 2  Sinh m x2 + B2 Tosh m X2 ] (A.
From equation (A .43) , the in teg ra tio n  constant "1*2 " w i l l  be
B2 = ^1 Cosh m (A.
S u b stitu tin g  the value o f  in teg ra tio n  constant "B2 " from equation  
in to  equation (A .34) g ives
.38)
.39)
(A. 39)
40)
41)
42)
(A. 41)
1 l 2] =
43)
44)
(A .44)
A-9
T2 s? -  i- [A2 Sinh m x 2 -  Aj Cosh m Lj (1 - Cosh m x2) + Aj Cosh m Lj]
3(d+c).W .(L2-x 2)
[3 (d + c)2 + d2]
(A .45)
where x2 = L2 and T2 = o , then from equation (A.45) i s
Cosh m L 
v2 ^1* tanh m LA9 = A.,. m T (A .46)
S u b stitu tin g  the value o f  in teg ra tio n  constant ”A2” from equation (A .46) 
in to  equation (A .28) g iv es
A -  3 C d.c) .w ' ^ ^ 2  CA47)
1 [3 (d+c)2 + d2] * (Sinh m tanh m L2 + Cosh m  ^ J
S u b stitu tin g  the value o f  in teg ra tio n  constants C^  and A^  from equations 
(A .26) and (A.47) in to  equation (A .20), g ives the fo llow in g  non-dim ensional 
expression  for the a x ia l force in  the region ( i )
T1 3(l+g-).L2 3(l+jp tan  ^ m ^2 m x i
W d [3 (l+ £ )2 + 1] d [ 3 ( l 4 ) 2 + 1] M S in h  m Lj tanh m L2 + Cosh m Lp
(A. 48)
S im ila r ly , su b stitu tin g  the value o f  in teg ra tio n  constants C1 and A^  from 
equations (A .26) and (A.47) in to  equation (A.22 ), leads to the fo llow in g  
equation fo r  the bending moment in  the region  (i)
L2 3(1+^) 2 tanh m L2 Cosh m x^
d J
W 2 [3 (1 + -)2 + 1] + 2 [3(1+^)2 + 1] m^(sinh  m Li  tanh m L2 + Cosh m LP
(A.49)
S u b stitu tin g  the value o f  in teg ra tio n  constants B2, A2 , and A^  from 
equations (A.4 4 ), (A .46) and (A.47) in to  equation (A.3 4 ), g iv es  th e f in a l  
non-dim ensional expression  fo r  the a x ia l force  in  each lam inate o f  the 
composite beam in  the region  ( i i )
^2 S(l+^-) (L2-x 2) S(1+j ) tanh m L2 Cosh m x2 - Sinh m x2
r =  d [3(1+^02 + 1] ' " d [ 3 ( l+ |) 2 ♦ 1] [m(tanh m Lj tanh m L2 + 1)
(A. 50)
S im ila r ly , su b s t itu t in g  the value o f  in teg ra tio n  constants B2 , A2 and A^  
from equations (A.4 4 ) , (A.46) and (A.47) in to  equation (A.4 0 ), the equation  
fo r  the bending moment in  each lam inate in  the region ( i i )  i s
C o
^2 (^2-x 2^  tanh m .L2 Cosh m x2 -  Sinh m x2
’  2[3(l+~j-)2 + 1] + 2 I 3 (1 + |)2 + 1] m(tanh m L1 tanh m L2 + V  1
(A. 51)
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FIGURE A.1 Describing t h e  interaction Bending Moment
A r ran gem en t  at t h e  Central Point "o"  for
t h e  Single Bonding Layer Beam in the  
Region (I).
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APPENDIX B
THEORETICAL ANALYSIS FOR A THREE LAYER LAMINATED BEAM
In order to  obtain  the complete so lu tio n  for  the s tr e s s  
d is tr ib u tio n  in  a laminated c a n tile v e r  beam with a th ree  bonding 
layer  i t  i s  n e c essa ry  to introduce the boundary conditions in to  
the fo llow in g  standard expression  for  the in te r fa c ia l  shear s tr e s s  
fo r  the lam inate ©  ;
9 (d+c).Wt, = A Cosh m x + B Sinh m x + b 2[15(d+c)2 + d2]
(B .l)
B .l Boundary Conditions
w
The in tern a l lam inate parameters at the f ix ed  end and at the 
loading p o in t o f  the c a n tile v e r  beam are
At x = o At x = L
dT, 
dx 
dl' 
dx 
dV
c
dx
dU
= T -  T = ° b a
=  -  Tb  =  °
dx
dUL
dvb
w
dx
d2V.
dx2
Ed
Ed
= o
= o
Ma a 
EI
d2Vt
dx2 EI
= o
B .2 . E va lu ation  o f  In te g r a tio n  C onstants fo r  Three Bonding Layers
The in teg ra tio n  constants in  th is  a n a ly sis  are evaluated by 
introducing the boundary con d itions in to  the equation ( B . l ) .  Where 
x  = o and = o , s in ce  the beam stru ctu re  i s  sym m etrical, then 
from equation (B .l)  the in teg ra tio n  constant w il l  be
A = ------ PXd+-g L ff  (B.2)
2 [15(d+c) 2 •+ d2]
The bending moment equilibrium  equation for the lam inate ®  i s  
CT d3V dM 5 (d+c) W ~
EI w  = V 1 Tb - T CB-3)
S u b stitu tin g  equation (B .l)  in to  equation (B.3) g ives
EI -  5 (d+c) rA m v D ™ __d?W^^— — [A Cosh m x + B Sinh m x] -
dx3 4.[15(d+c)2 + d2]
(B.4)
The in teg ra tio n  o f  equation (B.4) i s
EI = 5 (d+c) j-^  m x + b Cosh m x ]  —iff.:* —  + C
■] 
(B.5)
dx2 6m ‘ ‘ 4 [1 5 (d+c)2 + d2]
d2VWhen x = L and ------ = o; th erefore  equation (B.5) w il l  become
dx2
C = — —.ft *h -------- :-----------------------[A Sinh m L + B Cosh m L] (B.6)
4 [1 5 (d+c)2 + d2] 6 -”
S u b stitu tin g  the value o f  in teg ra tio n  constant "C" from equation (B .6)
in to  equation (B.5)
M = EI [A(Sinh m x - Sinh m L) + B (Cosh m x -  Cosh m L)]
dx2
+ — d/ w- ^ ,-x),--------  (B. 7)
4 [1 5 (d+c)2 + d2]
The b a sic  re la tio n sh ip  between the ro ta tio n  and shear s tr a in  in  th e  
lam inate (B) can be obtained, by usin g  two sim ultaneous equations (5 .11)
and (5 .1 4 ) , and i s  given by
« b = I T £ l  - E T - H -  Tb
D iffe r e n tia tin g  equation (B.8) w ith resp ect to  x g ives
(B .9)dUb 3(d+c) d2Vb 3c dTb dx “ 2 ' d x 2  ‘ 2G ' dx
S im ila r ly , d if fe r e n t ia t in g  equation (B .l)  with resp ect to  x 
gives
dxb = A.m Sinh m x + B.m Cosh m x (B.10)
d2yb d2VWhere -------- =   . S u b stitu tin g  equations (B.7) and (B.10) in to
dx2’ dx2 dU^
.equation (B .9 ), and comparing w ith the re la tio n sh ip  gg- = , g ives
the f in a l  r e s u lt
T dU 2
^5- = d+- -— [—■ (Sinh m x - Sinh m L) + 5. (Cosh m x - Cosh mEd dx Lm v J m
+ (k-x)-------- [A.m Sinh m x + B.m Cosh m x] f B .l l )
2Ed[15(d+c)2 + d2]
dUb
where x = L and = Ed = o , then from equation (B .l l )  i s
B = - A tanh m L (B.12)
S u b stitu tin g  the value o f  in teg ra tio n  constantsA  land B from 
equations (B.2) and (B.12) in to  equation ( B . l l ) ,  leads to the non- 
dimensional expression  for the lon g itu d in a l force in  the lam inate ®  , 
which i s
T 9 f l - A' _b _ d^  rtanh m L Cosh m x - Sinh m x n
W -  " T T T T T T T T T o  77 1 m J2d[15(l+§.)2 + 1]
9 ( l+ f)  (L-x)
2 d [1 5 ( l+ g )2 + 1]
(B.13)
S im ila r ly ,  s u b s t itu t in g  th e v a lu e  o f  in te g r a t io n  co n sta n ts  A
and B from eq u ation s (B .2) and (B .12) in to  equation  ( B . 7 ) ,  lea d s to  the
fo llow in g  expression  fo r  the bending moment
tanh m L Cosh m x - Sinh m x
t
15(1+S-)2 M s a J
W 4 [ 1 5 ( l 4 ) 2+l
m
(L-x)
1 + y i n c r i . ^ 2 , ' (B.14)
d-
M 1where jr— = = -^ i s  assumed, and T = ■=■ T, . Hence,W W W  ' a 3 b ■ ■ *
4[15(l+ jp  Z+1
Ma "b
3 ( 1 + $
W 2 d [ 1 5 ( l+ $ 2 + 1] 
3C i+ |)(L -x)
j-tanh m L Cosh m x - Sinh m x^
m
(B .15)
2d[15(l+fD 2 + 1]
\
Four-Point Bending
The boundary conditions are introduced in to  the fo llow in g  standard 
equation for  the region  ( i ) ;
 ^ Sinh m x^ + B^  Cosh m x^ , (B.16)
B .3. Boundary Conditions j -w/2 |w / 2
- I
w/2
r . l-^Xj I— ^X 2
/ U - o ) - 4 « - — ( i i ) .
l*a—-Li U  12
A symmetrical 3 -la y er  model o f  the laminated beam.
.w/2
The in tern a l lam inate parameters a t various p o in ts  o f  the fou r-  
p oin t loading model are
B-5
dTa ^ V a d2Vfc
   = -r -  T • = O   =   = 0
^  b a dx2 dx2
dTb _
dx ”Tb °
At the ju nction  o f  two regions (I) and ( I I ) ; At x^ = L^, and 
x? = o
dva  I dVa  2
T. •, = U , = U o> T , = T 0, Mo = M 0 ,a . l  a. 2 9 a . l  a. 2* a . l  a .2* a . l  a .2 ’ dx dx
and V ' = V 0
'■ dvK i dvt, 9b . l  b .2
Tb . l  = Tb .2 5 Ub. 1 " Ub .2  ’ Tb . l  = Tb .2 ’ “b . l  = “b .2 ’ “ET dx
and Vb . l  = Vb .2*
B .4. E valuation o f  In tegration  Constants in  the Region (j)
Putting the boundary co n d itio n s, x^ = o and = o, in to
equation (B.16) g ives
B1 = o (B. 17)
S u b stitu tin g  the value o f  in teg ra tio n  constant "B^" from equation (B.17) 
in to  equation (B.16) y ie ld s
 ^ = A^  Sinh m x  ^ (B.18)
The lon g itu d in a l force  equilibrium  equation i s
dTh l
■ - V i  ® - 19)
S u b stitu tin g  equation (B.18) in to  equation (B.19) i t  fo llow s th at
dTb 1 = -  Aj Sinh m x  ^ (B.20)
The in teg ra tio n  o f  equation (B.20) i s
^1
Tb . i = - j - C o sh m x i + c i  (B- 21)
The condition  o f  uniform bending moment equilibrium  at the ju nction  o f
two regions ( i )  and ( i i )  i s
2(Ma . l  + + (d+c) Ta . l  + 3(d+c) Tb . l  = Mo CB-22:)
B-6
where Ma . l  = “b . l  = “ l> 811(1 Ta . l  = T Tb . l  30 that
M
M -  — - 5 (d+c) -r rg 23)
M1 4 6 Ab . l
S u b stitu tio n  o f  equation (B.21) in to  equation (B.23) y ie ld s  
M -^1
“i = -r * [iir Cosh m xi  - c i  ^ (B-24;)
D iffe r e n tia t in g  equation (B.18) with resp ect to x i s  
dTb 1 = A-.m.Cosh m x. (B.25)dx “ 1  “ ~1
R e-w riting the d if f e r e n t ia l  equation (B.9) for the region  ( i ) , and
dUb i  Tb 1
comparing w ith  the re la t io n sh ip  ~ ^ x ~~ = 1 g j" , i t  f in a l ly  fo llo w s th at
. 3c dTb . l  _ 3 (d+c) d Vb . l  Tb . l
1G ■ H x = 2----- ’  I7d~ CB-261
d2V i 12
where ----- —— = -----  .M ,, th erefore equation (B. 26) w i l l  be
dx2 Ed3
f - ^ = ^ - “l - !  ^  CB.27)
S u b stitu tio n  o f  equations (B .21), (B.24) and (B.25) in to  equation  
(B .27), g ives the value o f  in teg ra tio n  constant
9 (d+c).M
C, = --------------- ---------  (B.2 8)
2 [15 (d+c) 2 + d2]
where M = W.L_ = Constant o 2
S u b stitu tio n  o f  equation (B.28) in to  equation (B-.2 1 ), g iv es  the  
fo llo w in g  equation fo r  a x ia l force fo r  the laminate b in  the region
(i)
9 (d+c) .M A
T. . = ---------------- ---------  -  - i C o s h u  x, (B .29)
b A - 2 [15 (d+c)2 + d2] m 1
S u b stitu tio n  o f  equation (B.28) in to  equation (B.24) g iv es
d .2M c r j .  A-
H. = —------------------:----  + Cosh m x, (B.30)
1 4 [15(d + c)2 + d2] 6 ”  1
B. 5 .  E va lu ation  o f  In te g r a tio n  C onstants in  th e  Region ( I I ) *
Introducing the boundary conditions in to  the fo llow in g  standard
equation fo r  the in t e r fa c ia l  shear s tr e s s
ti 0 = A, Cosh m x0 + B0 Sinh m x0 + — — -*c^ -------------  , (B.31)
b -2 2 2 2 2 2 [15(d+c)2 ♦ d2]
in  order to  so lv e  fo r  the in teg ra tio n  constants A^ and B2 .
•  •  •
At the ju nction  o f  two regions (I) and ( I I ) ,  where x^ =
and X2  = o , then from equations (B.18) and (B.31)
t ,  -  =  A, +  9  ( d .+ c ) _-..w --------------- =  ,  « s i n h  m L ( B . 32)
b ’ 2 2 2 [15 (d+c)2 + d2] b a  1 1
From equation (B.32)
A9 = A, Sinh m L - ,--------------------------------------    (B.33)
2[15(d+c)2 + 1]
The lo n g itu d in a l force  equilibrium  equation in  the- region  (I I )  i s
dTh ?
T ^ = - Tb .2  <B' 34)
S u b stitu tio n  o f  equation (B.31) in to  equation (B.34) g ives
dT,
k  cosh m x, - B9 Sinh m x , , --------? S d+c\ ' V .---------   (B.35)
dX 2 1 2 2 2 [15(d+c)2 + d2]
The in teg ra tio n  o f  equation (B.35) i s
T, 9 = ---- — Sinh m x0 ------ — Cosh m x0 ---- PId+c) ------------- Xo + C~
b ‘2 m 2 m 2 2 [1 5 (d+c)2 + d2] 2 2
(B .36)
•  •  •
At the ju nction  o f  two regions (I) and ( I I ) ,  x^ = L^, and X2  = 0 , so 
then from equations (B.29) and (B.36)
B 9(d+c).M A.
Tv. ? = - + c 9 = 1 =----------------- ------------ TT" Cosh "> L, (B .37)
b ’ 2 ”  2 2 [IS (d+c)2 + d2] n 1
From equation (B .3 7 ), the in teg ra tio n  constant "C2 " w i l l  be equal to
9(d+c).M A.. B?
C9 = ------------------------------ Cosh m x L. + —  (B.38)
2 2[15(d+c)2 + d2] m 1 m
where M = W.L0 = Constant, o 2
S u b s t itu t in g  th e  v a lu e  o f  in te g r a t io n  con stan t ,lC2tl from
eq u ation  (B.38) in to  equation  (B.36) g iv e s
Tb 2  = -  j  [A2  Sinh m ^  -  >^2 Cl “Cosh m X2 ) + Cosh m L ]^
9(d+c).W .(L2-x 2)
(B.39)
2[15(d+c)2 + d2]
The shear force equation fo r  the region ( i i ) ,  from equation (5.53)
i s
dM
-  -  -5 ( — C-^- t, ,  -  t  (B.40)dx 6 b .2  2
S u b stitu tio n  o f  equation (B.31) in to  equation (B.40) y ie ld s
dM2 5 (d+c) r.  ^  ^ n o- v ■, d?W^ — — [A2  Cosh m X2  + B2  Smh m X2 ] ------------------------
4 [15(d + c)2 + d2]
(B.41)
The in teg ra tio n  o f  equation (B.41) i s
^2 = ^ 2  Sinh 111 x2 + B 2  Cosh m X2 ] --------------    + D2
d2W.
4 (1 5 (d+c)2 + d2]
(B.42)
At the ju nction  o f  two regions (I) and ( i i ) , x  ^ = and X2  = o , so
then from equations (B.30) and (B.42)
5 (d+c) „ . „ d?Mo ,5(d+c) A1 „ ,M0 = . B0 + D0 = ------------- -------------+—^ —  Cosh m L,
« v) • HI “ /tTirrj i9*i O III X4[15(d+ c)z + dz]
(B.43)
From equation (B .4 3 ), the in teg ra tio n  constant w i l l  be
d?M r f j  -x
D, = ----------2--------------- + £ l£ l£ L  [A Cosh m L, - B J  (B.44)
2 4 [IS (d +c)2 + d2] 6 ‘m 1 1 2
S u b stitu tio n  o f  equation (B.44) in to  equation (B.42) g iv es
_ 5 (d+c)
2  = -g- ^ ■■ • [A2 Sinh m x2 - B2 ( l i-Cosh m X2 ) + A.^  Cosh m L^]
d?W.(L2-x 2)
4 [lS (d + c)2 + d2]
.(L_-x.
+ --- 1 —L  (B .45)
B-9
• •
The d if fe r e n t ia l  equation fo r  the region (II) i s  given by 
equation (B.27)
- 1 - ^ . 2 .  CB.46)
D iffe r e n tia t in g  equation (B.31) w ith resp ect to  x g ives  
dTb 2
— — = A2 .n1. Sinh 1 X2  + B2 .n1. Cosh m X2  (B.47)
S u b stitu tio n  o f  equations (B .2 9 ), (B.45) and (B.47) in to  equation (B .4 6 ), 
g iv es  the in teg ra tio n  constant t!B2"
E&2 = Cosh m (B.48)
Since X2  = L2 and 2 = °> equations (B.39) and (B.48) g ive
a * Cosh m L. . . .A2 = - A. _________ 1 (B.49)
tanh m L2
S u b stitu tio n  o f  equation (B.49) in to  equation (B.33) g iv es
(B.50)
n /*j v tit tanh in^ _ 9 (d+c) .W______   2_
1 2 [15(d+c)2 + d2] * ('Sinh m L1 tanh m L2 + Cosh m V
S u b stitu tin g  the value o f  in teg ra tio n  constants "A^" from equation  
(B.50) in to  equation (B .2 9 ), leads to the fo llow in g  non-dim ensional 
expression  fo r  the a x ia l force  in  the lam inate @ , fo r  the region  (I)
Tb . l  9 d +a-)-L2 9 ( l* f )
W 2d[15(l+5-)2 + 1] 2d [1 5 (l+ £ )2 + 1]d"
tanh m L7 Cosh"m X.
[_______________ __________   .1
m(Sinh m tanh m L2 + Cosh m L^)J
(B.51)
where T&  ^ ~  then from equation (B .5 1 ), the non-dim ensional
expression  fo r  the lam inate (a) w i l l  be
Ta . l  3Cl+f ) .L 2 3(1+| )
W 2 d [1 5 ( l+ |)2 + 1] 2 d [1 5 ( l+ |)2 + 1]
tanh m L7 Cosh m x
t  1m(Sinh m Lj tanh m L2  + Cosh m Lj)
B-10
S im ila r ly , su b stitu tin g  the value o f  in teg ra tio n  constant "A^11 
from equation (B.50) in to  equation (B .30), g iv es  the fo llow in g  
equation fo r  bending moment in  the region ( I ) .
_ L2 + 1 5 ( l+ f ) 2
W 4 [1 5 ( l+ j)  2 + 1] 4 [1 S (1 + |)2 + 1 ]'
tanh m L2 Cosh m 
^■m(Sinh m tanh m L2 + Cosh m Lj)J
Since M&  ^  ^ = M^, i s  assumed.
S u b stitu tin g  the value o f  in teg ra tio n  constants B2, A2 and A^
from equations (B .4 8 ), (B.49) and (B .50 ), the f in a l  non-dim ensional
expression  fo r  the a x ia l force  in  the lam inate (B) , fo r  the region  
•
( i i )  i s
Tb.2  9 a + f ) (L 2-x 2) 9 ( l+ f)
W 2 d [1 5 (l+ § )2 + 1] 2 d [1 5 ( l+ |)2 + 1]
tanh m L2 Cosh m x2 - Sinh m x2 
^m(tanh m tanh m L2 + 1)  ^ (B.54)
Where T& 2 = j  2 , then from equation (B .5 4 ), the non-dim ensional
expression  fo r  the lam inate (3) w i l l  be
Ta.2  3 ( l+ f)(L 2-x 2) 3(1+|.)
W 2 d [1 5 (l+ j)2 + 1] 2 d [1 5 ( l+ |)2 + 1]
tanh lii L9 Cosh m x9 - Sinh m x9
I-------------- --------------- -  - ]  (B. 55)
m(tanh m tanh m L2 + 1)
S u b stitu tin g  the value o f  in teg ra tio n  constants B2, A2 and A  ^ from
equations (B .4 8 ), (B.49) and (B.50) in to  equation (B .4 5 ), y ie ld s  the
equation for  the bending moment in  each lam inate for the region  ( i i )
B -ll
£ i 2M2 ( L 2 - x 2 )  l S d + g D
W 4[15(1+ |D 2 + 1] 4 [1 5 (1 + |)2 + 1]
tanh m L9 Cosh m x9 Si nh m x9
r------------- f---------------i ____________ £l
Lm(tanh m tanh m L2 + 1)
S ince Ma 2 = 2 = M2 , i s  assumed.
(B.56)
APPENDIX C
LINEAR CORRELATION OF DATA USING LEAST-SQUARE METHOD
Let Y^  ( i  = 1, 2 , .............. n) be the value o f  an observed or computed
r e a l dependent v a r ia b le  Y a t corresponding values o f a r e a l independent 
v a r ia b le  X. Suppose th at i s  d esired  to  co rre la te  the data values to  the  
p arab olic  p r o f i le
Y = a x2 + b x 2
th en , in  gen era l,~ th e  d ev ia tio n s  o f  the data poin ts from the curve are
represented  by the error o f f i t  a t  the ith  p o in t
(Y - y^) = IK = a x 2 + b x - y^
The to t a l  error o f f i t  w i l l  be 
n n
<j> = E U. = E (a x 2 + b x -  y * )2 
i= l  1 i= l
the to t a l  error i s  a fu nction  o f the parameters "a” and "b" which con tro l 
the p o s itio n in g  o f the curve in  the X-Y p lane. The lea st-sq u a re  c r ite r io n  
i s  now sim ply th is
§ ±  - E C a  xf  ♦ b x t  -  y. )  x f  = §  o S (a x? + b Xi  - yp  x t  = o
1=1 1=1
which leads to the normal ^ equarions
E x? y. = a E x :  + b E x?l  J i  l  l
E x .  y. = a E x . + b E x?l  yi  l  l
a l l  summation being fo r  
i  = 1, 2 , ___. . .  to  n .
Solving th ese equations sim ultaneously , the c o e f f ic ie n ts  o f  th e  "best 
f i t "  curves are g iven , r e sp e c t iv e ly  by
E x? y. E x ? -  E x.  y.  E x? 
a = l ^ i  i ______ i  i  i  .
E x^ E x? - x? E x?i i  i i
and
E x? y.  E x? - E x.  y.  E x? ^ _ l  J l  l _____l  yi  l
E x? E x? - E x? E x^i i  i i
I t  i s  a lso  d esired  to  co rre la te  the data values to the stra igh t lin e
Y = a 1 x + bj
then , in  g en era l, the d ev ia tion s o f  the data p o in ts from the l in e  are 
represented  by the n components o f the error vector
Hr L1. <ai xi + bi - yi} xi] = Hr / ai xi + bi - yi>J - 0 1 1=1 1 1=1
which leads to the fo llow in g  equations
-2E x . y . = a, E xr + b, E x .l  7 i  1 l  1 l
E y . = a, E x . + n b.7i  1 l
a l l  summation being for  
i  = 1, 2 , to  n.
Solving th ese  equations sim ultaneously the c o e f f ic ie n ts  o f  the  
"best f i t "  l in e  are. g iven , r e sp e c tiv e ly  by
ai  =
bi  =
n E x . y. E x . - E y. E x . E x .__l  J l  l  J l  l  l
n E x .  Ex ?  - E x .  Ex .  Ex .i i  i l l
E y.  E x? - E x.  y. ^l  l ______ l
n E- x? - E x. E x .l  i i
E x,
A ll the ca lcu la tio n s  required in  using the foregoing procedure to  
obtain  the parabolic  p r o f i le  and s tr a ig h t l in e ,  lea st-sq u are  f i t s  were 
carried  out by means o f  a d ig i ta l  computer using a sim ple program.
APPENDIX.D
DETERMINATION OF ELASTIC MODULUS OF STYCAST CPC-41 '
Production o f  S tycast CPC-41 Model
S tycast CPC-41 i s  a f l e x ib le ,  c le a r , urethane ca stin g  rubber, 
which i s  moderate in  c o s t . I t  i s  supplied  as two liq u id s , namely, 
l iq u id  component A and liq u id  component B. When th ese  liq u id s  are 
mixed togeth er they form a urethane which i s  f le x ib le  and r e la t iv e ly  
s o f t .  100 p arts o f  liq u id  A and 120 parts o f liq u id  B are weighed out 
and mixed togeth er thoroughly, during the mixing process a ir  bubbles 
are in e v ita b ly  trapped in  the m ixture. These bubbles are drawn ou t, 
by p lacin g  the m ixture in  a vacuum chamber. When the m ixture i s  fr ee  
from such a ir , then i t  i s  poured in to  a warm mould, the temperature o f  
th is  mould i s  90°C and i t  i s  then l e f t  in  the room fo r  curing.
The S tycast CPC-41 Urethane model has the same geometry, as fo r  
the A ra ld ite  model. This was te s ted  under t e n s i le  load as shown in  
Figure (D .l) .  One end i s  f ix ed  and the other end i s  l e f t  fo r  s t a t i c  
applied  load. Somewhere, two p o in ts  P and Q along the -length o f  the 
t e s t  model are considered. Hie d istan ce  between th ese two p o in ts  i s  
3 in ch es. The t e n s i le  s t a t i c  load was applied and the corresponding 
exten sion  was noted. The t e s t  procedure was repeated w ith sev era l loads  
and the corresponding readings were recorded for  each load. Each 
exten sion  was d ivided by the o r ig in a l length  and the ^corresponding load  
was d ivided by the o r ig in a l cross s e c t io n a l area.
A s tr a ig h t  l in e  fo r  the s tr e s s  versus s tr a in  was p lo tte d  on a lin e a r  
graph. Thus the e la s t ic  modulus Of S tycast CPC-41 urethane was found 
from the grad ien t, which i s  equal to 370.6 lb f / i n 2 .
Table D. T est R esu lts fo r  S tycast CPC-41 (Urethane)
S. No. S ta t ic  Applied 
Load (lb  f )
T en sile  
et
Strain T en sile  S tress  
lb f / i n 2
- 1 0 .5 0 1.17 x 10" 2 2
2 0 .75 1.40  x 10~2 3
3 1.00 1.66 x 10"2 4
4 1.25 1.94  x 10" 2 5
•
5 1.50 2.21 x 10"2 6
6 1.75 2.47 x 10-2 7
7 2.00 2.75 x 10" 2 8
8 2.25 3.03  x 10~2 9
9 2.50 3 .30  x 10"2 10
10 2.75 3.57  x i o - 2 11
11 3.00 3.83  x 10-2 12
12 3.25 4 .10  x 10"2 13
13 3.50 4 .37  x 10‘ 2 14
c r o s s  sec t iona l  a r e a
S ta t ic  Load
12 -
S t r e s s
0 32
-2
Stra in  (Etx10 )
FIGURE D.1 Tensile Test on S tycas t  CPC - 4 1  Model
E -l
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